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RSSR ROUTINE, 
A ROOT-SQUARING AND SUBRESULTANT PROCEDURE 

FOR FINDING ZEROS OF REAL POLYNOMIALS 

by 

Erwin H. Bare iss and Ronald Hamelink 

ABSTRACT 

This repor t descr ibes the theoret ical background of 
the RSSR Routine, a p rogram for finding simultaneously all 
roots of a real polynomial equation. Codes for the IBM-704 
and CDC-3600 a re described, including complete listings of 
FORTRAN statements . These codes a re designed to solve 
polynomials of degree up to order 20 to 30, but dimensioning 
allows the possible solution of polynomial equations of de
gree up to 50. A set of sample problems is presented which 
may also serve to tes t other root-finding routines. 

I. INTRODUCTION 

A. Motivation 

In 1957, one of the authors conceived the concept of the "Resultant 
Procedures ." ' "^ The corresponding code for the IBM-704 proved very 
successful and has not undergone any changes in the past 7 yea r s . With 
the acquisition by the Applied Mathematics Division of a new computer, the 
CDC-3600, it was felt the code should be rewri t ten and possibly improved. 
Based on the performance of the code, it was felt that a less conservative 
approach could be tolerated, and therefore and even faster code designed. 
This was indeed accomplished. The idea was to make the code very fast 
for frequently encountered distributions of the zeros of polynomials as 
they occurred in the past , and not to worry too much over other types, such 
as multiple complex zeros , as long as the routine was able to obtain them 
all . 

B. The Basic Idea of the Resultant P rocedures 

Assume that a rea l polynomial 

Pn(-) = I 



and a q u a d r a t i c fac tor 

Q(p ,q ) = x^ + px + q 

a r e given. Then 

P n = QPn-2, + R l ^ + R" 

w h e r e 

i=o 

is a po lynomia l PJ^,_^(K) of o r d e r n - 2. The r e m a i n d e r t e r m s R and R, 
a r e functions of p and q and can be shown to be r e l a t e d to the r e s u l t a n t 
and the s u b r e s u l t a n t [e .g . , Ri = R ' (p , q)] of R e f e r e n c e 1. In o r d e r tha t Q be 
a fac tor of Pn(x) , both R and Rj m u s t v a n i s h . T h i s can be a c h i e v e d in 
d i f ferent w a y s . In applying the g rad i en t m e t h o d or N e w t o n - R a p h s o n m e t h o d 
s i m u l t a n e o u s l y to 

R ( p . q ) = 0 

and 

R i (p .q ) = 0, 

one obta ins the H i t c h c o c k - B a i r s t o w i t e r a t i o n (Re fe r ence 5, page 472) . O the r 
p r o c e d u r e s a r e due to Lin, F r i e d m a n , and o t h e r s ( R e f e r e n c e 1, p a g e 381 ; 
R e f e r e n c e 4, page 468). In a l l m e t h o d s , the p u r p o s e of finding a q u a d r a t i c 
f ac to r , s a y Q(p ,q ) , is to d e t e r m i n e p a i r s of c o m p l e x conjugate r o o t s of a 
r e a l po lynomia l , thus avoiding a r i t h m e t i c with c o m p l e x n u m b e r s . The 
idea of the r e s u l t a n t p r o c e d u r e s as d i s c u s s e d in d e t a i l in R e f e r e n c e 1 is to 
f i r s t find the r e a l q by a d i f ferent m e t h o d , and then to so lve e i t h e r 

R ( p , q ) = 0, 

R e s u l t a n t = 0 (Resu l tan t P r o c e d u r e ) 

R i ( p , q ) = 0 (Subresu l t an t P r o c e d u r e ) 

wi th q known R e f e r r i n g aga in to R e f e r e n c e I o r 2, it can be shown t h a t 
R(p, q) with known r e a l q i s a r e a l p o l y n o m i a l of o r d e r n in p , and Ri (p , q) 
with known r e a l q is a r e a l p o l y n o m i a l of o r d e r n - 1. If Q(p, q) i s a 



quadratic factor of Pn(x) such that its zeros a re a and a, then q = Ota. If 
a has modulus p, then 

q = P'-

As explained in Reference I, the modules to any zeros of a rea l polynomial 
can be found efficiently and accurately by a modification of the well-known 
Graeffe root-squaring method. It is further shown that the set of rea l 
roots Pi of R(p, p^) = 0 and Ri(p, p^) = 0 contain those p tha tmake Q(p, p^) a 
factor of Pn{x). It is sufficient either to solve R(p,p^) = 0; or to find p 
such that the resul tant vanishes, which leads to the resultant procedure as 
worked out in detail in Reference 1; or to solve Ri(p,p^) = 0, which leads 
to a subresultant procedure as briefly discussed in Reference 1. Since in 
either case we have reduced the problem to finding only moduli of roots , 
we can use the modified root-squaring method mentioned above again as a 
subroutine. From the quadratic equation Q(pi, p^) = 0, the corresponding 
complex zeros a and a a re easily found. 

By combining the R(p, q) and Ri(p, q), it is possible by elementary 
elimination to reduce the order in p of R(p, q) from n to n - 2 (see Refer
ence 6), and the order in p of the subresultant Ri(p,q) from n - I to n - 3. 
The code described in this paper uses the reduced subresultant . 

C. Outline 

In the next sections, we discuss the general plan of the RSSR code, 
which has been in successful operation since summer 1963, and motivate 
some of the refinements. Then we demonstrate by a simple example that 
the Graeffe method as usually known exhibits a numerical stability behavior 
less favorable than the resultant procedures . 

In Appendix A, a selection of problems is discussed that may also 
be used to test the efficiency or reliabili ty of other root-finding rout ines . 

In Appendix B, we present FORTRAN listings of the present 
RSSR code. 

In Appendix C, we present the operating instructions for the 
IBM-704 and CDC-3600. 

D. Notation 

The following symbols will be used in what follows: 

M = number of root-squaring i tera t ions; 



P(x) = 2_, a i x ' ^ " \ p o l y n o m i a l wi th r e a l coef f i c ien t s a^ and z e r o s (otj) .̂; 
i=o 

n , , 
p(n^)(x) = Y, a j ' ^ ^ x n - i , p o l y n o m i a l wi th r o o t s (a-"") ; 

i=o 

-p = a + a = 2Re(a) ; 

q = a a = p^; 

Q = x^ + px + q; 

T(x) -- J |a,|x-i; 

i = o 

aj,; is an a p p r o x i m a t e roo t of P(x) = 0; 

6 = the p ivota l bound; 

e = the t o l e r a t e d r e l a t i v e e r r o r of (Xĵ  wi th r e s p e c t to (Pk)^; 

T) = the s e p a r a t i o n coeff ic ient ; 

V - the mu l t i p l i c i t y of r o o t s of m o d u l u s (p)^ of P (x ) ; 

P = |a|; 

t as a s u b s c r i p t i nd i ca t e s the t r u e va lue of a n u m b e r i n s t e a d of i t s 
a p p r o x i m a t i o n ; 

n as a s u b s c r i p t i nd i ca t e s the d e g r e e of a p o l y n o m i a l . 



n . DESCRIPTION OF THE METHOD 

The solution is obtained in four major s teps. 

Step 1 

We first determine the moduli pi^ and their multiplicity Vĵ  of the 
zeros of the given polynomial Pn(x) of degree n in the same way as in the 
Resultant Procedure described in Reference 1. 

Step 2 

Starting with the smallest p-^, we test whether a^ = ±Pk is a rea l 
root of Pj^(x). If it i s , we divide the factor x - aj^ into P^{x) and thereby 
reduce the degree of P^lx) by one: 

Pn(x) = ( x - a k ) P n - i W . 

If the multiplicity of pj^ is larger than 1, we test whether aj^ = ±P]^ is a real 
root of Pn-i(x) , etc. This is continued until the multiplicity of py^ is sa t i s 
fied, or until ±Py^ fails the test and hence is the modulus of a complex root. 
Then we take the next smal les t p^ and so on, and repeat this process for 
each p]^ until no rea l zeros are left. Therefore we are left with a polyno
mial P^(x) {£ £ n) with only complex zeros . 

Remark: Dividing the linear factors out is a departure from the 
conservative approach used in Reference 1 where each linear factor was 
tested on the given polynomial P(x). The reason for doing this is to make 
the final code faster . To minimize the effects of the round-off e r r o r s (see 
References 8 and 9) in the factorization p rocess , we started with the 
smallest pj,.. Also, all ar i thmetic operations a re done in double precis ion. 

Step 3 

To determine the quadratic factors (i.e., the pa i rs of complex zeros) , 
we construct the reduced subresultant for P^(x) and Q(x) = x + px + Pj^, 
where pj^ is the smallest modulus whose multiplicity v^ after Step 2 indi
cates the existence of such a quadratic factor. This reduced subresultant 
is a polynomial of order I - 3 in p. Since p must be real , we obtain its 
absolute value by the root-squaring routine used in Step I. We test whether 
x^ ± |p|x + p|. is a factor of P^(x). If it i s , we divide this factor into P^(x) 
and reduce the polynomial to one of degree i - 2. If the multiplicity of pj^ 
is not satisfied, we repeat Step 3 with py. and P_g_2(x). Then we proceed to 
the next smallest pk that indicates the existence of a quadratic factor, and 
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Remark: The reasons for this flow of operations a re the same as 
those given for Step 2. In addition, we do not check immediately for qua
dratic factors of higher multiplicity since, in our experience, they do not 
occur frequently enough in pract ical problems but are still obtained in the 
following repetitions of Step 3. Thus, the most unlikely polynomials will 
take more time for their complete factorization than the more common 
ones. Should we, for some reason, be left with a nonconstant remainder , 
say a polynomial of degree S, the code solves the remaining polynomial 
equation Ps(x) = 0 as a new problem and adds the roots to the set of 
already-determined zeros of Pj^(x). 

If there should still be some roots missing, an adjustment to the 
standard setting is made automatically by the computer. 

Step 4 

After the given polynomial Pn(x) is completely factorized, all factors 
are multiplied together in double precision to generate a polynomial of 
order n, whose coefficients are adjusted by the factor ag of Pj^(x). By com
paring the input coefficients aj and the generated coefficients of the poly
nomials, one can estimate whether the factorization represen ts a 
satisfactory approximation to the true solution of Pn(x). References 3, 4, 
8, 9 contain detailed information concerning this. 

Remark: Most polynomials encountered at Argonne contain approxi
mate coefficients aj. The users seem to be pleased to have a check for 
the solution in the form described in Step 4. 
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III. DESCRIPTION OF THE RSSR CODE 

In this section, we list the actual mathematical formulas as they a re 
used in the RSSR code. The logical flow of operations is indicated by the 
flow charts (Figs. 1 to 4). 

TAKE 
NEXT 
ONE 

Fig. 1. RSSR Subroutine 
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®-
PERFORM M 

ROOT 
SOUARINGS 

FIND 
PIVOTAL 

COEFFICIENTS 

COMPUTE MODULI 
pj's AND THEIR 

MULTIPLICITIES v\ 

Fig. 2. Finding of Moduli of Roots and Real Roots 

Fig. 3 

Check Routine 

TRANSFER ROOTS 
TO CALLING 
PROGRAM. 

lEND OF SUBROUTINE) 

GO TO OUTPUT 
ROUTINE OR 

CONTINUE REMAINING 
PROGRAM 
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SCALE P(x) 

BY C(xl = 

Cj = 

n 

• 1 ' 
i-O 

n 

i-O 

'if"-' 

ix"-' 

n-i 

REDUCED SUBRESULTANT 
IS 

PCO-C] 

COMPUTE bn.3 
RECURSIVELY 

b-1 • 0, bo • Co 
bk - Ck - pCk.l - Ck.2 

k • 1,2 n - 3 

COMPUTE b2. 
INSTEAD OF REDUCED 
SUBRESULTANT, USE 

Ca-b2 

REDUCED SUBRESULTANT 

Cn-1 -pCn - l i n -3 

Fig. 4. Flow Chart for Findirig the Reduced 
Subresultant Polynomial 

Step 1 

P r e l i m i n a r y C o n s i d e r a t i o n s 

M, 6, and e have to be c h o s e n . R e f e r e n c e 1 con t a in s t h e o r e t i c a l 
d i s c u s s i o n s and t a b l e s on t h e s e q u a n t i t i e s . The s t a n d a r d se t t ing in RSSR 
i s M = 10, 6 = 10"*, and e = 10"^. When n i s l a r g e and the r o o t s a r e c l o s e 
t o g e t h e r , i . e . , a j / t t j+ i i s n e a r one, an e c o n s i d e r a b l y s m a l l e r m a y be n e e d e d 
with M = 20 or m o r e . E x a m p l e s a r e inc luded in Appendix A. 

D e t e r m i n a t i o n of the Modul i p of the R o o t s g 

( l ) T h e s q u a r i n g o p e r a t i o n s a r e 

i+i) _ >_,uMAm)Y 

where 
added 

"J 
ip|(.^))^z-"'t;•^-»s'"^s'| 

a^°' = aj; j = 0, 1, ..., n; m = 0, 1 M - 1. The t e rms Uf^A 
last to reduce the rounding e r r o r s (see Reference l). ^ 
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(m) . 
(2) Next, the pivotal coefficients a re found. A coefficient â  is 

pivotal if 

< 6. 

Notice that al""' and â "̂ ^ are always pivotal and need not be tested. 

(3) The multiplicity V of the moduli p is determined from succes
sive pivotal coefficients. The moduli p of the roots a a re 

P = , (M) 
k 

,M, 

Step 2 

a = +p is tested as a root. The acceptance test is shown under 
Step 3b below. 

Step 3 

a. Determination of the Complex Roots a of Modulus p 

(l) The subresultant Ri(p) is computed as follows; Assume 
Q = x^ + px + q to be a factor of Pj,(x). Then 

and 

where 

Pn(x) = (x^ + px+q) Pn-2(x), 

n - 2 

Pn-2(x) = X bix^-^-i, 
i=o 

b-i = 0, 

bo = ao, 

and 

*̂ k - ak - pbk-i - qbk- 1, 2, ..., n - 2. 
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(2) T h e r e m a i n d e r in the d i v i s i o n of P ( x ) by x^ + px + q i s z e r o ; 

i . e . , 

R = an - bn-zq = 0, 

and 

R i = a-n-i - t>n-3q - bn-zP - ^ ( s u b r e s u l t a n t ) . 

H e n c e , 

bn-2 = a n / q -

Subs t i t u t ing t h i s in the e x p r e s s i o n for Rj y i e l d s 

R-i = a n - i - b n - j q - ~ P - °-

Since we know q = p^ in the q u a d r a t i c f a c t o r , the l a s t e q u a t i o n i s a po ly 
n o m i a l e q u a t i o n in p, 

R i (p ) = 0. 

We c a l l t h i s p o l y n o m i a l , R i (p ) , the r e d u c e d s u b r e s u l t a n t . S ince bj^ i s a p o l y 
n o m i a l of d e g r e e k in p, R i (p ) i s of d e g r e e n - 3 for n a 4; o t h e r w i s e it i s 
l i n e a r in p b e c a u s e of the t e r m ( a n / q ) p- When n = 4, the r e d u c e d s u b 
r e s u l t a n t i s 

a j - b iq - (a4/q) p = 0. 

S ince p e n t e r s l i n e a r l y in bi a s w e l l a s in (a4/q) p, the coef f ic ien t of p c a n 
v a n i s h . To avo id t h i s , we u s e 

3-4 - bzq = 0 

i n s t e a d of the r e d u c e d s u b r e s u l t a n t w h e n e v e r the d e g r e e of P ( x ) i s n = 4. 

(3) We so lve R(p) = 0 for r e a l r o o t s p by t he m e t h o d of 
Step 1. The r o o t s p s u c h t h a t |p|: < 2p t h e n l ead to c o m p l e x r o o t s of 
P n ( x ) a s fo l lows: 

If Q = x^ ± IPIX + p^ i s a q u a d r a t i c f a c t o r of Pn(x) , t h e n 

a = +|(M ±iV4p^-p^). . 

T h e a c c e p t a n c e t e s t i s shown in p a r a g r a p h b b e l o w . 
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Remark: In the ac tual code, the coefficients of Pn(x) a re modi

fied so that 

= n = ^ I a ixn - . 
1 = 0 

•where 

Si = aiP"-i(i = 0, l , . . . , n ) . 

Then the corresponding root a has a modulus of unit length, laj = P = 1, and 

Q = x^ + px + 1. 

Thus the calculation of the coefficients for Ri(p) can be reduced to shift 
operations and additions only, since q = 1-

b. Testing of Roots 

(l) We compute for k = 1, 2, ..., n, n + 1, 

bk = ak - wbk-i - qbk-2(b-i = 0, bo = ao, an+i = O). 

To test if 
X - a 

is a factor of P(x), set 
L.x'' + px + p 

w = -a, q = 0 

__w = p, q = p^J 

(2) The approximation is considered sufficient when 

bnl for X - a 
T(p + 2ep) - T(p + ep) >-

^ ^ t i n - bn-ibn + i fo rx^ + px+Z 

Step 4 

foUov 
The regeneration of the coefficients of Pn(x) is done by nesting as 

Let ttj, ttj, ..., ttn be the computed roots obtained for Pn(x) = 0. They 
are arranged so that complex roots and their conjugates are in adjacent loca
tions. Then, approximately, 

Pn(x) = {{...[(x^-2xRean+|an|^)(x2-2xRean-2+|an-2l^)]---( '^-a2)>(x-ai)}ao. 
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IV. COMPARISON WITH OTHER METHODS 

The r e m a r k s in the introduction indicate that many of the well-known 
iterative methods, such as the Newton-Raphson, Bairstow-Hitchcock, Lin, and 
others, a re also resultant procedures . 

The special feature of the procedures discussed in Reference 1 and in 
this paper is that we intersect the surface of the algebraic functions 

R(p, q) = 0 

and 

Ri(p, q) = 0 

by a plane q = p^ and thus a re able to reduce the entire problem to finding 
rea l roots of r ea l polynomial equations. One can see from geometr ical con
sideration that such an approach yields a better overall numerical stability. 

Unfortunately the title of Reference 1 led some reade r s to believe 
that the Resultant Procedure _i£ a mechanization of the Graeffe process . We 
should like to demonstrate on a simple example that this is not so. 

Take the accurate polynomial equation 

p(m)(x) = x^ - 2ax + a^ = 0. 

Assume now that in the process of root squaring, a small e r r o r was int ro
duced in the constant t e rm, such that 

p(m)(x) = x^ - 2ax + a^(l - e). 

Then, with the methods described in the l i terature , we have, by the Graeffe 
method, 

al,2 = a ( l ± Ve), 

while by the Resultant Procedure and RSSR Routine, 

LyrrT=a(i-f). 

Assume now, that in the process of root squaring, a small e r r o r is in t ro
duced in the middle t e r m such that 

p(m)(x) = x^ - 2(1 +e) ax + a^. 



Then, with the methods described in the l i terature we have, by the Graeffe 
method. 

al'z ' = a ( l + e ± V 2 e + e ' ) , 

while by the Resultant Procedure and RSSR Routine, 

aifr' = a. 

This exhibits quite clearly that the behavior with respect to numerical 
stability is quite different than in the Graeffe method and in favor of the 
resultant procedures of Reference 1. 

In addition, we have already given in Reference 1 examples that 
cannot be solved by the "Graeffe" method and by many of the well-known 
"standard" iterative methods, but can be solved by the resultant procedures. 
Such problems are generally polynomial equations which contain cyclotomic 
factors and/or multiple real and/or complex roots. 

We believe that the resultant procedures belong to the better "all-
purpose methods" for practical use in research centers when all zeros of 
a polynomial are desired. We plan to improve our codes as time goes on, 
taking advantage of other research resul ts such as presented inReferences 3, 
4, 7, etc., should our experience show such changes to be desirable for prac
tical applications. 
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APPENDIX A 

Numerical Examples 

1. Some General Remarks 

We present here a number of tes t polynomials and some short r e 
marks relating to their par t icular point of in teres t . While we endeavored 
to design a routine that accepts any polynomial of pract ical interest , it will 
always be possible to find polynomials that cannot be solved with any given 
code. 

It is always desirable that all coefficients be of the same order of 
magnitude. This can often be achieved by a transformation of the roots 
such that 

x ^ lO^x' 

x ^ 2='x'. 

If one suspects clustering of roots in the neighborhood of ZQ = XQ + iyo. the 
t ransformation 

X -* XQ - X 

will increase the separation coefficient and thus reduce M. 

Sometimes the transformation 

1 
X - » • — 

X 

leads to somewhat bet ter numerica l behavior. 

Such t ransformations must be considered as an exception, and for 
the solution of the following problems these t ransformations were not used. 

2. Polynomials Solved 

Example 1. The difficulty in the following polynomial is the high 
multiplicity of the modulus 2: 

x'2 - x " + bx'" - 4x' - 29x8 + 45x'' - 82x^ + 64x5 . 384x4 + 256x' 

+ 1856x^ - 2880x + 1152 = (x^ - 2^)(x + 2)(x2 + 3^)(x - l)^ = 0. 
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3.0000 

3.0000 

1.7320 

1.7320 

1.7320 

1.7320 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

Imaginary Part 

0000 

0000 

5080 

5080 

5080 

5080 

0000 

0000 

7568 

7568 

7568 

7568 

0000 

0000 

8773 

8773 

8772 

8772 

031 

031 

020 

020 

887 

887 

The roots found with M = 9, 6 - 10" , and e = 10 ^ are as follows: 

R e a l P a r t 

1.1993 9865 3312 0892 8 0 1 x 1 0 - ^ ' 

1.1993 9865 3312 0892 8 0 1 x 1 0 " " 

9.9999 9999 9999 9999 3 9 9 x 1 0 " ' 

9.9999 9999 9999 9999 399 x 1 0 " ' 

-1 .0000 0000 0000 0000 082 

-1 .0000 0000 0000 0000 082 

-1 .9999 9999 9999 9999 999 

-1 .9999 9999 9999 9999 999 

2.0000 0000 0000 0000 044 

1.0000 0000 0000 0000 000 

1.0000 0000 0000 0000 000 

1.0000 0000 0000 0000 000 

When the polynomial was reconstructed from these roots, the new coeffi
cients agreed with the original ones to at least 16 digits. 

Example 2. The difficult part of this polynomial is that the separa
tion coefficient for the two largest roots is 0.001; 

x* - 2020x2 + 1,039, 109x^ - 19, 199,090x + 90 ,090 ,000 = 0. 

The roots found with M = 16, 6 = 10"', and e = 10"*, truncated, but not 
rounded, to 20 significant figures, are: 

Real Par t Imaginary Par t 

1.0009 9999 9999 9999 999 x 10^ o.O 

1.0000 0000 0000 0000 000 X 10^ 0.0 

9.9999 9999 9999 9999 999 0.0 

8.9999 9999 9999 9999 999 0.0 

When the coefficients were reconstructed from these roots , the new coeffi
cients agreed with the original ones to at least 19 significant digits. The 
true roots are 9, 10, 1000, and 1001. 
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Example 3. This is the t ransformed Chebyshev polynomial -|-T2o(x/2). 
The difficulty here is that the smallest separation coefficient, r), is 
1 - aj^+i/tt]^ = 0.0246: 

x^" - 20x'8 + 170x'' - 800x'* + 2275x'2 - 4004x"' + 4290x8 - 2640x' 

+ 825x* - lOOx^ + 2 = 0. 

The roots found (all rea l ) with M = 10, 6 = 10"', and e = 10"* are as follows: 

-1.9938 3466 7466 2556 788 

+ 1.9938 3466 7466 2556 788 

-1.9447 3984 0795 3535 493 

+ 1.9447 3984 0795 3535 493 

-1.8477 5906 5022 5734 865 

+ 1.8477 5906 5022 5734 865 

-1.7052 8032 8708 1843 987 

+ 1.7052 8032 8708 1843 987 

-1.5208 1193 1200 0618 698 

+ 1.5208 1193 1200 0618 698 

-1.2988 9609 6660 3673 133 

+ 1.2988 9609 6660 3673 133 

-1.0449 9712 9431 8977 302 

+1.0449 9712 9431 8977 302 

-7.6536 6864 7301 7954 3 4 6 x 1 0 " ' 

+7.6536 6864 7301 7954 3 4 6 x 1 0 " ' 

-4.6689 0727 7118 1082 

+4.6689 0727 7118 1082 

-1.5691 8191 4556 8989 0 0 6 x 1 0 " ' 

+ 1.5691 8191 4556 8989 0 0 6 x 1 0 " ' 

The coefficients found from the roots agree to at least 17 significant digits 
with the original ones. 
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Example 4. No p a r t i c u l a r difficulty i s p r e s e n t e d by th i s p o l y n o m i a l . 
It s imply d e m o n s t r a t e s that a q u a d r a t i c can be hand led by the r e s u l t a n t 
p rocedure without any t r o u b l e . 

x^ - 2x + 2 = 0. 

Roots found, M = 4, 6 = 10"*, e = 10" ' : 

0.999 999 ± 0.9999 9991 

Example 5 

x ' + x« + x'' + x^ + x5 + x" + x^ + x" s x^ ^ ^ = 0. 

This polynomial d e m o n s t r a t e s s e v e r a l a s p e c t s of the RSSR R o u t i n e . 

a) It contains a cyc lo tomic fac tor whose z e r o s a r e the p r i m i t i v e 
S' r o o t s . Such a po lynomia l cannot be so lved with the u s u a l 
Graeffe p r o c e d u r e . It r e p r e s e n t s no difficulty with the r e s u l t a n t 
p r o c e d u r e s (see R e f e r e n c e 1). 

b) It contains a high m u l t i p l i c i t y in the m o d u l u s of the r o o t s with 
absolute value 1. 

c) It contains pure i m a g i n a r y z e r o s . 

d) It contains a double z e r o a s a f ac to r . 

The accura te va lues for the z e r o s a r e 

( l ± i ) V l / 2 , ±i, ( - l ± i ) V l / 2 , - 1 , 0, 0. 

The r e su l t s found by the CDC-3600 with M = 5, 5 = 0.005, and e = 10" 
a r e as follows: 

Real Part 

7,07106 78118 65475 24400 84453 x 

7.07106 78118 65475 24400 84453 x 

-7.31131 27550 28601 08107 97448 x 

-7.31131 27550 28601 08107 97448 x 

-7,07106 78118 65475 24400 84437 x 

-7.07106 78118 65475 24400 84437 x 

-1,00000 00000 00000 00000 00000 

0.00000 00000 00000 00000 00000 

0,00000 00000 00000 00000 00000 

Imaginary Part 

-7.07106 78118 65475 24400 84416x10"' 

7.07106 78118 65475 24400 84416x10"' 

-1,00000 00000 00000 00000 00000 

1,00000 00000 00000 00000 00000 

-7.07106 78118 65475 24400 84428x10"' 

7,07106 78118 65475 24400 84428 x 10"' 

0,00000 00000 00000 00000 00000 

0,00000 00000 00000 00000 00000 

0,00000 00000 00000 00000 00000 
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T h e s e r o o t s a r e a c c u r a t e to a t l e a s t 23 d e c i m a l p l a c e s (the l i m i t a t i o n s of 
t he log X, eX s u b r o u t i n e s ) . T o t a l c a l c u l a t i o n t i m e on C D C - 3 6 0 0 i s l e s s t h a n 
2 s e c . 

T h e c h e c k r o u t i n e y i e l d s the fol lowing r e s u l t s : 

Input Coe f f i c i en t s 

ao = 1.00000 

a i = 1.00000 

az = 1.00000 

00000 

00000 

00000 

a3 = 1.00000 00000 

a4 = 1.00000 00000 

as = 1.00000 00000 

ae = 1.00000 00000 

a7 = 1.00000 00000 

as = 0.00000 00000 

a9 = 0.00000 00000 

ao = 

ai = 

az = 

as = 

a4 = 

as = 

ae = 

a.^ = 

as = 

a , = 

Reconstructed Po lynomia l 

1.00000 00000 00000 00000 00000 0 

1.00000 00000 00000 00000 00000 0 

0.99999 99999 99999 99999 99988 4 

0.99999 99999 99999 99999 99983 4 

0.99999 99999 99999 99999 99983 4 

0.99999 99999 99999 99999 99986 7 

0.99999 99999 99999 99999 99996 6 

1.00000 00000 00000 00000 00000 0 

-0.00000 00000 00000 00000 00000 0 

0.00000 00000 00000 00000 00000 0 

T h e fol lowing t h r e e p o l y n o m i a l e q u a t i o n s ( E x a m p l e s 6, 7, and 8) a r e 
g iven in W i l k i n s o n * ' ' and known to be e x t r e m e l y diff icult to s o l v e . 

E x a m p l e 6. T h i s i s a p o l y n o m i a l which O l i v e r and Wi lk inson c o n 
s i d e r too diff icul t for t he Graef fe p r o c e s s . It c a n be so lved by the RSSR 
R o u t i n e . 

2 .0325 3 1 2 1 x ' ' + 3.4356 048x'5 + 25 .1783 048x'* + 37.6510 96x'^ 

128.2187 4 8 x ' ' + 166.'4476 8 x " + 345 .07256x '° + 378 .908x ' 

+ 524.327x8 + 468.88x' + 443.576x' + 304.08x5 ^ 190.68x* + 89.6x= 

+ 32.8x^ + 8x + 1 = 0. 

The s o l u t i o n w a s found wi th M = 30, 6 = 10" ' , and e = lO" ' . We give a 
c o m p l e t e r e p r o d u c t i o n of the C D C - 3 6 0 0 output . The r o o t s found a r e a s 
fo l lows: 



REAL PART 

-2.489202^^5930053^091983319-003 

-2.4892024459300514091983319-OC3 

-1.04935500947862A613912't23 1-002 

-1.0493550094786246139124231-002 

-2.56687105018356245C7950315-0C2 

-2.5668710501835624507950315-002 

-5.0864435604355134377307702-0C2 

-5.0864435604355134377307702-OC2 

-9.0039988 74153315612376 3808-002 

-9.0039988 74153315612376380 8-0 02 

-1.4762378022667C01866562007-001 

-1.4762378022667001866562007-OCl 

-2.244700578 7902159556593484-001 

-2.2447005787902159556593484-OCl 

-2.9350452923438473849175751-001 

-2.935045 2 92 343 84 73849175751-001 

IMAGINARY PART 

-1.6671203612177835792153141+000 

1.667120361217783579215 3141+000 

-1.596295495554C975249059991+000 

1.596295495554C975249059991+000 

-1.4 743 7 71438 266 9C404068460 7+000 

1.47437714 38 266 9 0404 068 4607+000 

-1.2969112790 733109623 891615+000 

1.2969 112790733189623891615 +COO 

-1.C611920598431853135487569+000 

1.C611920598431853135487569+000 

-7.7175 72 010638 5 2 4461333 8246-001 

7.717572010638 524461333 8246-001 

-4.5092795830149DC6994849992-001 

4.50927958301490C6994849992-001 

-1.434992969275C051258853104-001 

1.434992969275C051258853104-001 



INPUT COEFFICIENTS 

A( 0)= 2.0325312099999999999999999+000 

A( 1)= 3.4356047999999999999999998+000 

A( 2)= 2.51783048CO000O0000C00000O+001 

A( 3)= 3.7651096000000000000000002+001 

A( 4)= 1.28218746GOOOOOCOOOC000001+002 

A( 5)= 1.6644767999999999999999999+002 

A( 61= 3.4507255999999999999999999+002 

A( 7)= 3.7890799999999999999999998+002 

A( 8)= 5.243270COCO000O0O0OC0O000C+002 

A( 9)= 4.6887999999999999999999999+002 

A(10)= 4.435760COG000000000C000005+002 

A(ll)= 3.04080000OOOOOQCCCOC000004+C02 

A(12)= 1.9067999999999999999999999+002 

A(13)= 8.9600000000000000000000016+001 

A(14)= 3.2799999999999999999999999+001 

A(15)= 8.OOOOOOOOOOOOOOOOOOC000000+000 

A(16)= 1.0000000000000000000000000+000 

RECONSTRUCTED POLYNOMIAL 

A{ 0)= 2.0325312099999999999999999+000 

A( 1)= 3.4356047999999999999999994+000 

A( 2)= 2.5178304799999999999690499+001 

A( 3)= 3.7651096000000000037341495+001 

A( 4)= 1.2821874800000000006004599+002 

A{ 5)= 1.6644768000000000026143183+002 

A( 6)= 3.4507256000000000034586439+002 

A( 7)= 3.7890800000000000067958806+002 

A( 8)= 5.2432700000000000070546032+002 

A( 9)s 4.6888000000000000080750189+002 

A{10)= 4.4357600000000000061799823+002 

A(ll)= 3.040800 0000000000043061875+002 

A(12)= 1.90680000C0000000021698943+G0 2 

A(13)= 8.9600000000000000083556061+001 

A(14)= 3.2800000000000000020944971+001 

A(15)= 8.OOOOOOOOCOOOOOOOOZ6291505+000 

At 16)= 1.0000000000000000000000002 + 000 
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.. . O r i e n t s we can e s t i m a t e an a c c u r a c y of 18 s i g -
F r o m the r e c o n s t r u c t e d coeff ic ients , we 

nif icant f igures in the z e r o s . 

^ „,e 7 The difficulty in the following e x a m p l e i s t ha t a l l r o o t s 
Example /• i f e a m y .„crether F i v e p a i r s of r o o t s a r e 

a r e con^iT^^^^^^HlTabsolute va lue s c lose t o g e t h e r . 
c l u s t e r e d a round the i m a g i n a r y a x i s . 

12 5016 2561x'^ + 3 8545 5882x'= + 8 4594 7696x'^ + 2 4077 5148x'3 

, 2 4792 6664x'^ + 6424 9 3 5 6 x " + 4101 8752x" ' + 949 0840x ' 

+ 417 8260x« + 83 7860x^ + 26 7232x^ + 4 4184x= + 1 0416x* 

+ 1288x' + 224x^ + l6x + 2 = 0. 

, A ,>h M - 24 6 = 10"^ and e = 1 0 " " on the CDC-3600 a r e The roo t s found with M - ^^, u iv , <i 

a s follows: 

-0 .13244 72469 90246 20179 ± 0.13600 55079 51377 63785 i 

-0 .01869 49953 44576 20320 ± 0.25304 56818 77088 48212 i 

-0 .00232 1 • • • • • ±0 .2 ,0258 3 7 4 . . . . . . . . . . . . i 

-0 .00049 1 • • • • ± 0.30418 2 . . . . i 

-0 .00000 . • • • ± 0 .30857 i 

-0 .0006 • • • • • • • • • • * 0 .3105. . . . . . . . . . . . . . . . i 

- 0 . 0 0 0 3 . - . - ± 0.3125 . . . . . . i 

-0 .0007 . ± 0 . 3 1 1 6 . . . . . . . . . . . . . . . . i 

F i g u r e s which a r e b e l i e v e d doubtful (by c o m p a r i s o n wi th the r e s u l t s given 
in R e f e r e n c e 8 ) a r e r e p l a c e d by d o t s . The r e c o n s t r u c t i o n of the o r i g i n a l 
po lynomia l f rom the c a l c u l a t e d r o o t s gave an a g r e e m e n t in the coeff ic ients 
f rom 25 s ign i f ican t f i g u r e s for a j down to 10 s ign i f i can t f i g u r e s for ai^. We 
a t t r i b u t e the g r a d u a l l o s s of a c c u r a c y in the r o o t s , to the def la t ion p r o c e s s 
and the u s e of the r e d u c e d s u b r e s u l t a n t . T h i s i s the p r i c e we m a y s o m e 
t i m e s pay for h igh s p e e d . If g r e a t e r a c c u r a c y should be n e e d e d t h a n to at 
l e a s t four d e c i m a l p l a c e s , a s g iven a b o v e , one m a k e s the t r a n s f o r m a t i o n 
x = z - 0.3i and s o l v e s t he c o m p l e x p o l y n o m i a l Pi6(z " O-^w " 0 (see 
R e f e r e n c e l ) . (Of c o u r s e , h i g h e r - p r e c i s i o n a r i t h m e t i c could be a p p l i e d too. , 

E x a m p l e 8. T h i s p o l y n o m i a l w a s c o n s t r u c t e d by Wilkinson^ tc 
d e m o n s t r a t e the p o s s i b l e s e n s i t i v i t y of r o o t s to s m a l l c h a n g e s m the coeff i -

^ . , , ^ J „^•,.^^•p tha t the RSSR R o u t i n e c a n handle 
c i e n t s . It i s p r e s e n t e d h e r e to d e m o n s t r a t e tnat 
such p r o b l e m s . 

P2„(x) = ( x + l ) ( x + 2)(x + 3 ) . . . ( x + 1 9 ) ( x + 20) + 2 - " x " ' . 



The coefficients as computed by the CDC-3600 are listed below in the 
left column. The coefficients of the polynomial as reconstructed by the 
roots found with the RSSR Routine are listed in the right column for com
parison. The agreement is to at least 18 significant decimal figures. 
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T h e 

T h e 

ao 

^1 

92 

^3 

34 

as 

36 

37 

as 

ag 

a 10 

311 

ai2 

ai3 

ai4 

ai5 

ai6 

ai7 

ai8 

^19 

aa) 

1.00000 

Z. 10000 

2.06149 

1.25685 

5.33Z79 

1.67228 

4.01717 

7.56111 

1.13102 

1.35585 

1.30753 

1.0142Z 

6.30308 

3.11333 

1.20664 

3.5W97 

8.03781 

1.Z8709 

1.38037 

8.75294 

2.43290 

r o o t s w e r e founc 

r o o t s a r e be 

-1.39923 

-1.39923 

-1.17936 

-1.17936 

-1.95024 

-1-95024 

-1.67307 

-1.67307 

-1.00952 

-1.00952 

-2.08469 

-8.91725 

-8.00726 

-6.99%9 

-6.00000 

-4.99999 

-4.00000 

-2.99999 

-2.00000 

-9.99999 

Input Coefficients 

00000 

00011 

99999 

00000 

45999 

08199 

71630 

18449 

76995 

18289 

50105 

99865 

12099 

64316 

78037 

95179 

18226 

31245 

59753 

8036? 

20081 

00000 

92092 

99999 

00000 

99999 

99999 

00000 

99999 

38099 

95299 

40395 

51145 

29489 

13906 

80373 

47607 

45051 

15098 

64070 

61599 

76639 

00000 

89550 

99999 

00000 

99999 

99999 

00000 

99999 

99999 

99999 

00000 

00000 

60000 

39999 

35999 

19999 

77599 

88000 

39999 

99999 

99999 

w i t h M = 

58137 

58137 

33881 

33881 

39400 

39400 

37466 

37466 

66145 

66145 

08101 

02485 

76034 

72339 

69439 

99275 

00002 

99999 

00000 

99999 

Real Par t 

23567 

23567 

07941 

07941 

49368 

49368 

09070 

09O7O 

12995 

12995 

48225 

17118 

50363 

36015 

52295 

51537 

61023 

99805 

DOOOO 

99999 

28477 

28477 

69417 

69417 

25733 

25733 

62233 

62233 

74203 

74203 

74613 

77991 

83908 

54449 

55757 

92460 

18783 

23302 

00976 

99999 

00000 

78126 K 10^ 

99999 X 10^ 

00001 X # 

99992 X10^ 

99997 X 10^ 

00008 X 10^0 

99997 X 10'1 

99999 X 10l3 

99999 X10^^ 

00000 X10l5 

00000 X 10l6 

00005 X10l6 

99995 X 10l7 

99999 X lO '^ 

99996 X 10l8 

99983 X 10l8 

00001 X i o i 9 

99999 X lOl^ 

99994 X 10l8 

99995 X 10l8 

-- iz, 

71031 X 10 

71031 X 10 

55319 X ID 

55319 X 10 

05975 X 10 

05975 X !0 

93250 X 10 

93250 X 10 

55494 X 10 

55494 X 10 

16694 X 10 

69465 

5S431 

91110 

68494 

23621 

43012 

53595 

16303 

99693 X 10 

l i e v e d a c c u r a t e t o 

Reconstructed Polynomial 

ao ' 1.00000 

a j = 2.10000 

32 -- 2.06149 

a j = 1.25685 

a j • 5.33279 

35 -- 1.67228 

a^ -- 4,01717 

ay -- 7.56111 

ag ^ 1.13102 

ag ^ 1.35585 

ajo ' 1.30753 

a j ] = 1.01422 

ai2 -- 6.30308 

ai3 ^ 3.11333 

ai4 = 1.20664 

ai5 = 3.59997 

ai6 = 8,03781 

ai7 = 1.28709 

ajg ' 1.38037 

a jg -- 8.75294 

320 ' 2-"1^290 

6 = 1.5 

00000 

00011 

99999 

00000 

45999 

08199 

71629 

18449 

76995 

18289 

50105 

99865 

12099 

64316 

78037 

95179 

18226 

31245 

59753 

80367 

20081 

00000 

92092 

99999 

00000 

99999 

99999 

99999 

99999 

38099 

95299 

40394 

51144 

29489 

13906 

80373 

47607 

45051 

15098 

64070 

61599 

76639 

K 1 0 " ^ , 

Imaqin 

00000 00000 

89550 78126 

99999 99999 

00000 00001 

99999 99992 

99999 91167 

99998 85832 

99993 32566 

99997 65947 

99994 49547 

99990 80801 

99988 75071 

59897 40351 

39929 83371 

3 5 % 4 11243 

19864 33094 

77229 43019 

87929 63165 

39912 99795 

99380 60957 

99811 64034 

and € 

arv Part 

-2 .51883 00696 30280 51923 36702 

2.51883 00696 30280 51923 36702 

-1 .65232 97281 60931 55985 89243 

1.65232 97281 60931 55985 89243 

-1 .94033 03466 64480 50888 58385 

1.94033 03466 64480 50888 58385 

-2 .81262 48942 70039 28684 73528 

2.81262 48942 70039 28684 73528 

-6 .43500 90386 35443 15616 19311 X 10" 

6.43500 90386 35443 15616 19311 x 1 0 " 

1 

at l e a s t 17 

10? 

104 

106 

10? 

10? 

loio 

lOl l 

1013 

1014 

1015 

I0I6 

IOI6 

1017 

1018 

1018 

1018 

1019 

1019 

IOI8 

IOI8 

= 10"^^ as 

s i g n i f i c a n t f i g u r e s . 

f o l l o w s 

To conclude, we like to emphasize that some of these examples a re 
presented merely to demonstrate the inherent power of the code. Most 
requests for the solution of polynomials specify accuracy less than six sig
nificant digits. 



APPENDIX B 

FORTRAN S t a t e m e n t s 

c n,a R':;<?R Rout ine as Coded for the 
F O R T K ^ N J l S t a t e m e n t £ ^ L M l S ^ ^ 2 ^ ^ 
TBM-704 Compute r 

a Main P r o g r a m 

(Input and output p r o c e d u r e s and ca l l of s u b r o u t i n e RSSR) 

b. Subroutine RSSR 
(Mas te r s u b r o u t m e : Checks for z e r o r o o t s . C a l l s r o o t - s q u a r i n g 
subrout ine RTSQ. Ca l l s sub rou t ine for finding m o d u l i of r o o t s 
and finding r e a l r o o t s , RERO. If c o m p l e x r o o t s e x i s t , it c a l l s 
subrout ine COMPRT to find t h e m . C a l l s s u b r o u t m e RECON to 
r e c o n s t r u c t the po lynomia l . ) 

c. Subroutine RTSQ 

(Root - squar ing p r o c e s s ) 

d. Subrout ine RERO 

(Finds modul i and r e a l r o o t s , c a l l s for t e s t s u b r o u t i n e , TEST) 

e. Subrout ine TEST 

(Tes t s roo ts for a c c u r a c y ) 

f. Subrout ine C O M P R T 

(Finds c o m p l e x r o o t s and c a l l s TEST) 

g. Subrout ine SUBRES 

( C o n s t r u c t s the r e d u c e d s u b r e s u l t a n t po lynomia l ) 

h. Subrout ine RECON 

( R e c o n s t r u c t s the o r i g i n a l p o l y n o m i a l f r o m the computed z e r o s ) 

i. Subrou t ine QUADIV 

(Divides out q u a d r a t i c f a c t o r s ) 

j . Subrou t ine D P O U T P 

(Outputs d o u b l e - p r e c i s i o n n u m b e r s ) 

k. Sub rou t i ne S P C O N 
• • fi„,tlncr-Doint n u m b e r s to double ( C o n v e r t s s i n g l e - p r e c i s i o n floating poi 

p r e c i s i o n ) 
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1. Subroutine DPEX 

(Computes e ' ' in double precision for double-precision x) 

m. Subroutine DPLOG 

(Computes double-precision natural logs for double-precision 
arguments) 
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a. _Mair^J^ro£ram_ 

(Input and output p r o c e d u r e s and ca l l of s u b r o u t i n e RSSR) 

, , . , ^1 R C M O D ( 3 . 5 0 ) , R C O T S ( 3 , 2 . 5 0 ) . T ( 3 ) . U ( 3 ) . B ( 3 . 5 1 ) . 

\ ^ i : p n 2 N C n ! ; ? l : c O N l S M 3 ; ! s P A C E . 1 4 0 n . C 0 N T E N . 3 . . 

, o ' ^ ™ A . R O . O D . R O O T S . T . U . S K . P . D . C C N 1 0 4 . S P A C E . B . 

ICCNTEN 
15 C4LL LLNPRC(CCNTEN) 
16 CQNTEN=10.0 
17 CALL SPCaN(CONIbN) 
18 CCN104=10000.0 
19 CALL S P C O N ( C Q M 0 4 ) 
20 READ INPUT TAPE 7,25 
25 FORMAT (72H 

^^'SEAj%SprTAr7.SEGRE.M.M.AX.CELTA.EPSIL 
36 IF (Ml 37,37,41 
37 EPSIL=0.000C01 

DELTA^O.OOOl 
38 M=IO 
39 MMAX=15 
in FHRMAT (316,2E12.6) 
ti RITE OUTPUT TAPE 6,42,NDEGRE,M,DELTA,EPS IL 
42 FORMAT (8H0CEGREE=I2.17H NO OF ROOT SCM2.9H DELTA = E 16.8. U H 

1 EPSIL0N=E16.8) 
45 IF (NDEGRE) 50,50,55 
50 CALL SYSTEM 
55 M1=NDEGRE+1 
56 READ IMPUT TAPE 7,120,IP 1,IPO,IFALCC 
60 l̂ 'RITE OUTPUT TAPE 6,65 
65 FORMAT (19hOIMPUT COEFFICIENTS) 
66 IF (IPI-1) 70,70,110 
70 DC 100 1=1,M 
75 READ INPUT TAPE 7,80tA(1,1,1 ) 
80 FORMAT (E12.6) 
85 J=I-1 
90 WRITE OUTPUT TAPE 6,95,J,A(1,I,1) 
95 FORMAT (3H0A(I2,3H1= E16.8) 

100 CALL SPCCNIA(1,1,1)) 
105 GO TO 285 
110 CC 260 1=1,M 
115 READ INPUT TAPE 7,120,(JA(II),I 1 = 1,5),J 
120 FCRMAT (616) 
125 A(l,I,1)=JAI1) 
130 CALL SPCON(A(1,1,1)) 
135 00 160 11=2,5 
140 T=JA(II) 
145 CALL SPCDt^d ) 
150 CALL KPRtC 
155 A(1,I,1)=A(1,I,1)»CCN104+T 
160 CALL NPCUT 
165 IF (J) 170,260,185 
170 J=-J 
175 K=-l 
180 GC TO 190 
185 K=l 
190 T=1.0 
195 CALL SPCONdl 
200 DC 215 JJ=1,J 
205 CALL NPREC 
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210 T=T«CONTEN 
215 CALL NPCUT 
220 IF (K) 225,225,245 
225 CALL NPREC 
230 A(1,I,1)=A(1,I,l)/T 
235 CALL NPCUT 
240 GC TO 260 
245 CALL NPREC 
250 A(1,I,1)=A(1,1,1)«T 
255 CALL NPCUT 
260 CCNTINUf 
265 DC 280 1=1,M 
269 J=I-1 
270 WRITE OUTPUT TAPE 6,275,J 
275 FCRMAT (3H0A(12,IH)) 
280 CALL CPOUTP(All,I,l)) 
285 IF (IFALCO) 477,477,290 
290 DO 300 1=1,M 
295 00 300 J=l,3 
300 B(J,I)=A(J,1,1) 
477 N2=NDEGRE 
480 CALL RSSR(NCEGRE,M,MMAX,DELTA,EPSIL) 
485 IF (IPO-l) 490,490,600 
490 IF (Nl-NDEGRE-1) 585,585,495 
495 WRITE OUTPUT TAPE 6,500 
500 FORMAT (24H0ROOTS OF THE POLYNOMIAL) 
505 WRITE OUTPUT TAPE 6,510 
510 FCRMAT (33H0REAL PART IMAGINARY PART) 
515 K=NDEGRE+1 
520 DC 535 I=K,N2 
525 CALL NP2SP(R0CTS(1,1,1),R00TS(1,1,I)) 
530 CALL NP2SP(R00TS(l,2,l),R00TS(lT2.n) 
535 WRITE OUTPUT TAPE 6,540,ROOTS(1,1,1).ROOTS 11, 2 , II 
540 FCRMAT (1H0E18.8,£18.8) 
545 IF (NDEGRE) 550,550,585 
550 WRITE OUTPUT TAPE 6,555 
555 FORMAT (25H0RECONSTRUCTED POLYNOMIAL) 
560 DO 575 1=1,Nl 
561 T(1)=0(1,I) 
562 T(2)=D(2,1) 
563 T(3)=D(3,I) 
565 CALL NP2SP(T,T) 
570 J=I-l 
575 WRITE OUTPUT TAPE 6,95,J,T(1) 
580 GO TO 645 
585 WRITE OUTPUT TAPE 6,590 
590 FCRMAT (21H0SOME ROOTS NOT FOUND) 
595 GC TO 20 
600 IF (Nl-NDEGRE-1) 585,585,605 
605 WRITE OUTPUT TAPE 6,500 
607 K=N0EGRE+1 
610 DO 640 I=K,N2 
615 WRITE OUTPUT TAPE 6,620 
620 FORMAT (lOHOREAL PART) 
625 CALL DPCUTPIR00TS(1,1,I)) 
630 WRITE OUTPUT TAPE 6,635 
635 FCRMAT (15H0IMAGINARY PART) 
640 CALL DPOUTP(ROOTS(1,2,I)) 
641 IF (NDEGRE) 6420,6420,6410 
6410 WRITE OUTPUT TAPE 6,590 
6415 GO TO 20 
6420 WRITE OUTPUT TAPE 6,555 
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6421 DO 6424 1=1,Nl 
6422 J=I-1 
6423 WRITE OUTPUT TAPE 6,275,J 
6424 CALL DPCUTP(D(1,I) ) 
645 IF (IFALCC) 20,20,650 
650 IFALCO=0 
655 KK=0 
660 DC 705 1=1,M 
665 CALL NPREC 
670 T=B(1,1)-D(1,n 
680 A(1,I,1)=B(1,I)+T 
685 CALL NPCUT 
690 KK=1 
705 CONTINUE 
710 IF (KKI 20,20,715 
715 WRITE OUTPUT TAPE 6,720 
720 FORMAT (19HCFALSE COEFFICIENTS) 
725 DO 735 1=1,Nl 
726 J=I-1 
730 WRITE OUTPUT TAPE 6,275,J 
735 CALL EP0UTP(A(1,1,1)) 
737 NCEGRE=N2 
740 GC TO 480 
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b. Subroutine RSSR 

(Master subroutine: Checks for zero roots . Calls root-squaring sub
routine, RTSQ. Calls subroutine for finding moduli of roots and 
finding real roots , RERO. If complex roots exist, it calls subroutine 
COMPRT to find them. Calls subroutine RECON to reconstruct the 
polynomial.) 

3 SUBROUTINE RSSR(NDEGRE,M,MMAX,DELTA,EPSIL) 
5 DIMENSION A ( 3 , 5 1 , 3 ) , R O M O C ( 3 , 5 0 ) , R C O T S ( 3 , 2 , 5 0 ) , C 0 N 0 ( 3 I , C O N l ( 3 ) , 

1 C C N 2 ( 3 ) , C 0 N 4 ( 3 ) , T ( 3 ) , U ( 3 ) , D ( 3 , 5 1 ) , S P A C E ( 1 3 9 8 ) , E ( 3 ) , M R O M O O ( 5 0 ) , 
2 N C N R T ( 5 0 ) , M N O N R T ( 5 0 ) , C ( 5 1 ) , C 0 N 1 0 4 ( 3 ) , J A ( 4 ) 

10 COMMON A ,ROMQD,ROOTS,C0N0 ,CONl ,CON2 ,CON4 ,T ,U ,D ,CON104 ,SPACE,E 
S AA OCT 0 0 0 0 0 0 0 0 0 0 0 0 
S BB OCT 0 0 0 0 0 0 0 0 0 0 0 1 
S CC OCT 2 0 0 0 0 0 0 0 0 0 0 0 
S CD OCT 0 0 0 0 0 0 0 0 0 0 0 2 
S EE OCT 0 0 0 0 0 0 0 0 0 0 0 3 

16 CCN0(1)=AA 
17 CCN0(2)=AA 

CCN0(3)=AA 
CCN1(1)=BB 

18 C0N1(2I=CC 
19 CCN1(3)=AA 

CCN2(1)=DD 
C0NZ(2)=CC 
CCN2(3)=AA 
CCN4(1)=EE 
CCN4(2)=CC 
CCN4(3)=AA 

20 N=NDEGRE 
36 IF (N) 37,37,45 
37 NDEGRE=NCUR 
38 RETURN 
45 N1=N+1 
50 N2=N1+1 
55 00 62 1=1,N 
56 K=N2-I 
57 IF (A(2,K,1)) 65,58,65 
58 J=N1-I 
59 CALL NPREC 
60 RCaTS(l,l.J)=CON0 
61 RCOTS(l,2,J)=CON0 
62 CALL NPOUT 
63 NCEGRE =0 
64 GO TO 38 
65 N1=K 
66 N=K-1 
67 NEUR=N 
68 NL=N 
105 CALL RTSO(A,NCUR,M) 
110 CALL RERO(A,M,NCUR,DELTA,EPS IL,ROfOD,MRCMDD,NONRT,MNONRT,NCG,ROOTS 

1) 
114 IF (NCO) 195,195,115 
115 N1=NCUR*1 
120 CALL COMPRT(M,MNONRT,NONRT,MROMOD,NCn,DELTA,EPSIL,NCUR) 
125 IF (NCUR) 195,195,130 
130 IF (NL-NCUR) 135,135,131 
131 NL=NCUR 
132 GC TO 105 
135 M = M-H 
136 IF (MMAX-M) 175,105,105 
175 N1=NCUR+1 
180 GO TO 37 
195 CALL RECON(ROOTS,A,0,NDEGRE) 
200 GC TO 37 
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c. Subroutine RTSQ 

(Root-squaring process) 

5 SUBROUTINE RTSQ(A,N,MM) 
10 DIMENSION A(3,51,3),SPACE(450),CON0(3),COM(3),CQN2(3) 
15 COMMON A,SPACE,CONO,CONl,C0N2 
20 N1=N+1 
21 DC 24 J=1,N1 
22 DC 24 1=1,3 
23 A(I,J,2) = A( I,J,1) 
24 A(I,J,3)=CON0{I) 
25 CC 200 M=1,MM 
30 DC 170 J=1,N1 
40 K1=N1-J 
45 K2=J-1 
50 KM=XMINCF(K1,K2) 
70 IF (KM) 130,130,75 
75 DC 125 L=1,KM 
80 LR=XMCDF(L,2) 
82 JL=J-L 
83 JLP=J+L 
85 IF (LR) 90,90,110 
90 CALL NPREC 
95 A(1,J,3)=A(1,J,3)+A(1,JL,2)»A(1,JLP,2) 
100 CALL NPCUT 
105 GO TO 125 
110 CALL NPREC 
115 A(1,J,3)=A(1,J,3)-A(1,JL,2)»A(1,JLP,2) 
120 CALL NPCUT 
125 CONTINUE 
130 CALL NPREC 
135 A(1,J,3)=C0N2(1)»A(1,J,3) 
136 A(1,J,3)=A(1,J,3)+A(1,J,2)»A(1,J,2) 
140 CALL NPOUT 
145 JR=XM0DF(J,2) 
150 IF (JR) 155,155,170 
155 CALL NPREC 
160 A(l,J,3)=CON0(l)-A(l,J,3) 
165 CALL NPCUT 
170 CONTINUE 
175 IF (MM-M) 200,200,180 
180 DO 195 J=1,N1 
185 DC 195 1=1,3 
190 A(I,J,2)=A(I,J,3) 
195 A(I,J,3)=CON0(I) 
200 CONTINUE 
205 RETURN 
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d. Sub rou t i ne R E R O 

( F i n d s modu l i and r e a l r o o t s , c a l l s for t e s t s u b r o u t i n e , TEST) 

5 SUBROUTINE RERO(A,M,NCUR,DELTA,EPSIL.ROMOC,KROMGD.NONRT, 
IMNONRT,NCO,ROOTS) 

10 DIMENSION A ( 3 , 5 1 . 3 ) , R A T I O ( 5 0 ) , T ( 3 ) , I P I V ( 5 0 ) , R O M D D ( 3 , 5 0 ) , M R O M O C ( 5 0 ) 
1 ,Q(3 ) .W(3 ) .ARED(3 ,49 ) ,NONRT(50 ) .MNONRT(50 ) ,SPACE1(909 ) ,XN(3 ) , 
2ROOTS(3,2.50),CCN0(3),SPACE2t933) 

12 COMMON SPACE1,CCN0,SPACE2,T,0,W,ARED,XN 
MN OCT 000000000001 
15 RATIO(1)=1.0 
16 IF (2-NCUR) 20.20,82 
20 DO 65 1=2,NCUR 
25 I1=XM0DF(1.2) 
30 CALL NPREC 
31 IF (Ad,1,3)) 35,32,35 
32 CALL NPOUT 
33 RATIO(I)=0.0 
34 GO TO 65 
35 T=A(1,I,2)«»2 
36 T=T/A(1,I,3) 
40 CALL NPOUT 
45 CALL NP2SP(T(1),T(1)) 
50 RATIO( n = T(ll 
55 IF (ID 65,60,65 
60 RATIO(I)=-RATIO(I) 
65 CONTINUE 
82 RATI01NCUR+1)=1.0 
85 1PIV(1)=1 
90 IPIV(NCUR-H) = 1 
91 IF (2-NCUR) 95,95,135 
95 DO 130 1=2,NCUR 

105 T(1)=ABSF(RATI0(I)-l.01 
110 IF (T(l)-DELTA) 115,125,125 
115 IPIV(I)=1 
120 GC TO 130 
125 IPIV(I)=0 
130 CONTINUE 
135 11=0 
140 MULT=0 
145 1=1 
150 14=1 
155 11=11+1 
160 12=11+1 
165 «ULT=MULT+1 
170 IF (IPIV(I2)) 155,155,180 
180 CALL NPREC 
185 R0M0D(1,I4)=A(1,I2,3)/A(1,I.3) 
190 IF(R0M0D(1,I4)) 195,200,200 
195 RCMOD(1,I4)=-R0M0D(1,I4) 
200 CALL NPCUT 
210 CALL CPL0G(ROMOD(l,I4I.XN) 
215 MM=M 

S 216 ARS 18 
S 217 STO MM 
S 218 CLA XN(1) 
S 219 SUB MM 
S 220 STO XN(1) 

221 IF (11-2) 
S 222 CLA XN(1) 
S 223 SUB MN 
S 224 STO XN(1) 

240.222,226 
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225 GC TO 240 
226 IF ( 1 1 - 4 1 2 3 2 , 2 2 7 , 2 3 2 

S 227 CLA XN( 1) 
S 228 SUB MN 
S 229 SUB MN 
S 230 STO X i v d l 

231 C,D TO 240 
232 T=I1 
233 CALL SPCnN(T) 
234 CALL NPREC 
235 XN=XN/T 
236 CALL NPCUT 
240 CALL CPEX(XN,ROMOO(1, 14) ) 
245 MROMOCl 14)=MULT 
250 IF INCUR+1-12) 290,290,255 
255 1=12 
260 14=14+1 
265 MULT=0 
270 11=0 
275 GO TO 155 
290 C(1)=0.0 
295 CALL SPC0N(C(1) ) 
300 NCO=0 
305 DC 455 1 = 1, 14 
306 KL=I4+1-I 
310 CALL NPREC 
312 W=-R0M0C(1,KL) 
315 CALL NPCUT 
320 I5=MR0M0D(KL) 
330 DO 430 J=1,I5 
332 J=J 
335 CALL TEST(A,W,6,NCUR,ROMODd,KL) ,EPSIL,K) 
340 IF (K) 410,410,345 
345 CALL NPREC 
350 RCOTSd,l,NCUR)=-W 
355 RC0TSd,2,NCUR)=CCN0 
360 ARED{ 1, l)=Ad,l,l) 
365 CALL NPCUT 
370 IF (NCUR-2) 430,375,375 
375 DC 395 L=2,NCUR 
380 CALL NPREC 
3 85 ARED(l,L)=Ad,L,l)-ARED(l,L-l)»W 
390 A(1,L,1)=ARED(1,L) 
395 CALL NPOUT 
405 GO TO 430 
410 IF (W(2)) 415,440,440 
415 W(2)=-W(2) 
420 W(3)=-W(3) 
425 GO TO 335 
430 NCUR = NCUR-1 
435 GO TO 455 
440 NC0=NC0+1 
445 N0NRT(NC0)=KL 
450 MN0NRT(NC0)=I5+1-J 
455 CONTINUE 
460 RETURN 
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e. Subroutine TEST 

5 SUBROUTINE TEST(A,W,0,N,ROMOD,EPSIL,K) 
8 DIMENSION A(3,51,3),B(3,3),W(3),0(3),ROMOD(3),SPACE(1089),CEPSIL(3 
1),T(3,2),C(3,51),C0N2(3I,E(3,2),0IF(3),X(3),Y(3),BLANK(915I 

10 COMMON BLANK,C0N2,SPACE,B,CEPSIL,T,E,OIF,X,Y,C 
15 B(1,1)=0,0 
20 CALL SPC0N(B(1,1)) 
25 DO 30 1=1,3 
30 6(I,2)=A{1,1,1) 
35 DO 75 1=1,N 
40 CALL NPREC 

45 X=W«B(1,2) 
46 Y=Q»B(l,ll 
47 B(1,3)=A(1,I+1,I)-X-Y 
50 CALL NPOUT 
55 IF (N-I) 75,75,60 
60 DO 70 J=l,3 
65 B(J,1)=B(J,2) 
70 B(J,2)=B(J,3) 
75 CONTINUE 
76 IF (SENSE LIGHT 2) 78,77 
77 K0UNT=1 

GO TO 80 
78 CALL NPREC 
79 GO TO 210 
80 CEPSIL(1)=EPSIL 
85 CALL SPC0N(CEPS1L(1)) 
90 T(1,1)=0.0 
95 T(l,2)=0.0 

100 CALL SPC0N(T(1,1)) 
105 CALL SPC0N(T(1,2)) 
110 N1=N+1 
115 CALL NPREC 
120 X=C0N2»CEPSIL 
121 Y=X»R0H0D 
122 E(1,1)=R0M0D+Y 
125 E (1, 2 ) =RDMOC ( 1) +CEPS XL ( 11 •ROMODd ) 
130 CALL NPOUT 
135 DO 175 1=1,Nl 
140 CALL NPREC 
145 IF (Ad,1,1)) 150,160,160 
150 C(l,I)=-A(1,I,1) 
155 GO TO 165 
160 C(l, I)=A(1,I,1) 
165 Tll,l)=T(l,l)«E(l,l)+C(l,I) 
170 T(l,2)=T(l,2)»E(l,2)+C(l,l) 
175 CALL NPOUT 
200 CALL NPREC 
205 OIF (1)=T(1,1)-I(1,2) 
210 IF (0(1)) 290,215,290 
215 IF (B(l,3)) 220,255,255 
220 B(l,3)=-B(l,3) 
255 IF (DIF (1)-B(1,3)) 260,260,275 
260 CALL NPOUT 
265 K=0 
271 IF (KOUNT-2) 272,274,274 
272 IF (0(2)) 2721,2731,2721 

2731 IF (H(2)) 2721,274,274 
2721 SENSE LIGHT 2 
273 KOUNT=KOUNT+1 
274 RETURN 
275 CALL NPOUT 
280 K=l 
285 GO TO 274 
290 X=B(l,2)/CON2 
291 Y=B(1,3)+W»X 
295 IF (Y) 300,335,335 
300 Y=-Y 
335 IF (OIF-Y) 260,260,275 



f. Subroutine COMPRT 

(Finds complex roots and calls TEST) 

5 SUBROUTINE COMPRT(MM,MNONRT,NONRT,MROM0D,NC0 ,DELTA,EPSIL ,NCUR ) 
10 DIMENSION A ( 3 , 5 1 , 3 ) , R 0 M O D ( 3 , 5 0 ) , R C O T S ( 3 , 2 , 5 0 ) , C O N 0 ( 3 ) , C O N l ( 3 ) , 

l C 0 N 2 ( 3 ) , C 0 N 4 ( 3 ) , S R ( 3 , 5 1 , 3 ) , S R O M 0 D ( 3 , 5 0 ) , S R O 0 T S ( 3 , 2 , 5 0 ) , U ( 3 ) , T ( 3 ) , 
2 W ( 3 ) , £ ( 3 ) , W E ( 3 ) , A A ( 3 ) , B B ( 3 ) , R ( 3 , 2 ) , D ( 3 , 2 ) , B ( 3 , 4 9 ) , M N O N R T ( 5 0 ) , 
3 N C N R T ( 5 0 ) , M S R C M C ( 5 0 I , N S O N R T ( 4 9 ) , M S N C R T ( 4 9 ) , M R O M O D ( 5 0 ) 

15 COMMON A, R O M O C , R O O T S , C O N O , C O N l , C O N 2 , C O N 4 , S R , S R 0 M O D , S R 0 O T S , U , T , W , 0 , 

1 W E , A A , B B , R , C , B 
20 DO 295 1=1,NCO 
22 J A = N O N R T ( I ) 
25 I 1 = M N 0 N R T ( I ) 
26 11=11/2 
27 IF ( I D 3 9 , 3 9 , 4 0 
39 11=1 
40 IF ( R D M O O ( Z , J A ) ) 4 5 , 2 9 5 , 4 5 
45 Q d ) = R D M O D d , JA) 
48 0 ( 2 ) = R O M O D ( 2 , J A ) 
50 Q ( 3 ) = R D M 0 D ( 3 , JA) 
55 DO 290 J = 1 , I 1 
60 CALL SUBRES(NCUR) 
65 I F (NCUR-4) 6 7 , 6 7 , 7 2 
67 NSCUR=1 
68 J 2 = l 
70 CO TO 80 
72 NSCUR=NCUR-3 
73 J2=NSCUR 
80 LL=NSCUR+1 

113 IF ( N S C U R - D 3 0 5 , 3 0 5 , 1 1 5 
115 CALL RTSC(SR,NSCUR,MM) 
120 CALL REROISR,MM,NSCUR,DELTA,EPSIL ,SROMOD,MSROMD, 

1NSDNRT,MSN0RT,NSC0,SR00TS) 
125 IF (J2-NSCUR) 126,126,140 
126 CALL NPREC 
127 SROOTS(1,1,J2)=CON0 
128 CALL NPOUT 
140 CALL NPREC 

SR00TSd,l,J2) = SR00TS(l,l,J2)«R0MCD(l,JA) 
145 T=C0N2«R0M0D(1,JA) 

146 IF (SR0CTS(1,1,J2)-T) 165,150,150 
150 CALL NPCUT 
155 GO TO 275 

165 Wd)=SR00TSd,l,J2) 
167 WE(l)=RDKQDd,JA)«.2 
169 CALL NPCUT 

170 CALL TEST(A,W,WE,NCUR,ROMODd,JA),EPSIL,K) 
175 IF (K) 255,255,180 
180 CALL NPREC 

181 RCOT5d,l,NCUR)=-W/CON2 

182 T=CaN4«WE 
183 U=W»»2 
184 T=T-U 
185 U=DPSGT(T) 

186 R C O T S d , 2 , N C U R ) = U / C O N 2 
190 ROOTS(1,1,NCUR-1)=RC0TS(1,1,NCUR) 

195 ROOTS(1,2,NCUR-1)=-ROOTS(1,2,NCUR) 

196 CALL NPOUT 
200 CO 210 le=l,3 
205 D(IC,1)=W1IC) 
210 D(1Q,2)=WE(IQ) 
225 CALL CUADIV(NCUR) 
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228 JX=NCUR-1 
230 DC 240 JY=1.JX 
235 DO 240 JW=1>3 
240 A(JW,JY,D=B( JW,JY) 
245 NCUR=NCUR-2 
250 GO TO 290 
255 W(2)=-Wt2) 
260 W(3)=-W(3) 
265 CALL TESKA.W.WE.NCUR,ROMODd,JA) ,EPSIL,K) 
270 IF (K) 275,275,180 
275 IF (J2-NSCUR) 295.276,280 
276 IF (J2-D 295.295.277 
277 J2=J2-1 
278 SROOTS(l,l.J2)=CaN0dl 

SROOTS(2,l,J2)=CONO(2) 
SR0OTS(3,l,J2)=CON0(3) 
CALL NPREC 

279 GO TO 165 
280 CALL NPREC 
281 IF (SROOTS(l.l.J2)-SllOOTSd.l.J2-l) )282,286,282 
282 CALL NPOUT 
283 J2=J2-1 
284 CALL NPREC 
285 GO TO 140 
286 CALL NPCUT 
287 J2=J2-1 
288 GC TO 275 
290 CONTINUE 
295 CONTINUE 
300 RETURN 
305 IF (SR(2,1,1I) 306.250,306 
306 CALL NPREC 
310 SR00TS(l.l.D=-SR(1.2,D/SRd,l.l) 
315 CALL NPOUT 
320 NSCUR=0 
325 GO TO 140 
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g. Subroutine SUBRES 

(Constructs the reduced subresultant polynomial) 

5 SUBROUTINE SUBRES(N) 
10 DIMENSION A(3,51,3),SPACE(450),COM(3),BLANK(6) , 

1SR(3,51.3),CPEN(459),R0M0D(3),X(3),T(3),C(3,51),UI3), 
28(3,50,3),C0N0(3) 

15 COMMON A,SPACE,CONO,CONl,BLANK,SR,OPEN,R0M0D,X,T,C,U,e 

20 N1=N+1 
25 T(1)=C0M(1) 
30 T(2) = C0M(2) 
35 T(3)=C0N1(3) 
40 DC 65 1=1,N 
45 J=N1-I 
50 CALL NPREC 
55 T=T«ROMGD 
60 C(l,J)=Ad, J, 1)«T 
65 CALL NPCUT 
70 Cd,Nl)=A(l,M, 1) 
75 C(2,N1)=A(2,N1,D 
80 C(3,ND=A(3,M,D 
84 IF (N-2) 260,260,85 
85 N2=N-2 
90 DO 110 1 = 1,f.2 
95 CALL NPREC 
100 Bd,I,D=CnN0 
105 B(1,I,2I=CCN0 
110 CALL NPCUT 
115 1=2 
120 B(l,l,2) = Cd,I) 
125 B(2,1,2)=C(2,1) 
130 B(3,1,2)=C(3,1) 
135 CALL NPREC 
140 811,1,3)=Cd, 1)-B(1,1,1) 
145 CALL NPCUT 
150 DC 165 J=2,N2 
155 CALL NPREC 
160 B(l,J,3)=-Bd,J-l,2)-Bd,J,l) 
165 CALL NPOUT 
170 IF lN-3-1) 205,175,175 
175 1=1+1 
180 DG 195 J=1,K2 
185 DO 195 K=l,3 
190 a(K, J, D = B(K, J,2) 
195 H(K,J,2)=BIK,J,3) 
200 GC TU 135 
2C5 CALL NPREC 

210 SR(1,N2,D = C(1,I\)-B(1,1,3) 
215 SRd,N2-l,l)=-Cd,Nl)-Bd,2,3) 
220 CALL NPCUT 
222 IF (N2-2) 245,245,225 
225 CC 240 J=3,N2 
228 K=N2tl-J 
230 CALL NPREC 
235 SR(l,K,l)=-Ed,J,3) 
240 CALL NPCUT 
245 RETURN 
260 CALL NPREC 
265 SR(1,1,D = C(1,1) 
270 SRd,2,D=-C(l,2) 
275 CALL NPCUT 
280 GO TO 245 
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h. Subroutine RECON 

(Reconstructs the original polynomial from the computer zeros) 

5 SUBROUTINE RECONIROOTS,A.O.N) 
10 DIMENSION SPACE(909).RO0TS(3.2.50),CON0(3),CONl(3),SKIP(3). 

1T(3).U(3).D(3,51),A(3,51,3),C0N2(3) 
15 COMMON SPACE.CONO,CONl,C0N2.SKIP.T,U 
195 CC 210 J=1.3 
200 DC 205 1=1,N 
205 D(J,D=CON0( J) 
210 D(J.N+D=COM(J) 
225 1=1 
230 NL=N-1 
232 IF (R00TS(2,2.I) ) 235.330,235 
235 CALL NPREC 
240 T=R00TS(1.1.I)»»2 
245 U = R00TS(1,2.I )»*2 
250 T=T+U 
255 U=C0N2»R00TS(1.1,1) 
260 CALL NPOUT 
265 DO 295 J=1,NL 
270 IF (I+J-N) 295,275.275 
275 CALL NPREC 
280 0(l,J)=Od, J + 2)+T»Dd.J) 
285 Dd,J)=D(l.J)-U»Dd.J + D 
290 CALL NPCUT 
295 CONTINUE 
300 CALL NPREC 
305 Cd.N) = T»D(l.N) 
307 D(l,N)=Cd,N)-U»l)(l,N + D 
310 Dd,N + l) = T*D( 1,N + 1) 
315 CALL NPCUT 
320 1=1+2 
325 IF (N-D 385,232.232 
330 DC 355 J=1,N 
335 IF (J+I-N) 355,355,340 
340 CALL NPREC 
345 Dd,J)=D(l, J + D-Dd,J)»ROOTS(l,l.n 
350 CALL NPOUT 
355 CONTINUE 
360 CALL NPREC 
365 Dd,N + l)=-D(l.N+l)»RO0TSd.l.I) 
370 CALL NPCUT 
375 1=1+1 
380 CO TO 325 
385 NS=N+1 
390 DO 405 IA=1,NS 
395 CALL NPREC 
400 Dd,IA)=Dd, IA)«Ad,l.D 
405 CALL NPOUT 
445 RETURN 
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i. Subroutine QUADIV 

(Divides out quadratic factors) 

5 SUBROUTINE GUADIV(N) 
10 DIMENSION A ( 3 , 5 1 , 3 ) , S P A C E ( 1 3 9 2 ) , R ( 3 , 2 ) , D ( 3 , 2 ) , B ( 3 , 4 9 ) , X N ( 3 ) , Y N ( 3) 
12 CCMMON A,SPACE,R,0,B,XN,YN 
15 CALL NPREC 
20 B(1,1)=A(1,1,1) 
21 CALL NPOUT 
22 IF (N-2) 60,60,23 
23 CALL NPREC 
25 B(l,2)=A(l,2,l)-B(l,l)»Dd,l) 
26 CALL NPOUT 
30 IF (N-31 60,60,35 
35 NT=N-1 
40 DC 55 1=3,NT 
45 CALL NPREC 
50 XN=Bd,I-D»Dll,l) 
51 YN = Bd,I-2)«D(l,2) 
52 B(l,l )=Ad, I,1)-XN-YN 
55 CALL NPCUT 
60 CALL NPREC 
65 XN = H( 1,N-1)»D(1,D 
66 YN=B(1,N-2)»D(1,2) 
67 Rd,l)=Ad,N,I)-XN-YN 
70 Rd,2)=Ad,N + l,D-Bd,N-l)»Dd,2) 
72 CALL NPCUT 
75 RETURN 
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Subroutine DPOUTP 

S 
s 
s 
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C4 
Al 
A2 
A3 

19 
20 
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22 
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41 
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43 
44 
45 
46 
47 
48 
55 
60 
61 
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63 
65 
66 
70 
75 
80 
82 
85 
100 
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115 
120 
125 
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165 
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185 
190 
195 
200 
210 

(Outputs double-precision numbe 

SUBROUTINE CPCUTP(A) 
DIMENSION A(3).T(3),Xl3).IDt21),SPACEd083) 
COMMON SPACE.X.T 
OCT 000000000004 
OCT 000000000001 
OCT 314631463146 
OCT 146314631463 
Td)=Al 
T(2)=A2 
T(3)=A3 
KK = 0 
X d ) = A ( l ) 
X(2)=A(2) 
X(3)=A(3) 
1 = 0 
IF {X(2)) 35.495.35 
IF (XID) 40.100.55 
K = -l 
CLA X d ) 
ADD C4 
STO X d ) 
CALL NPREC 
X = X/T 
CALL NPOUT 
1 = 1-1 
IF (Xd)) 41,100,100 
K = l 
CLA X d ) 
SUB C4 
STO NDIF 
IF (NDIF) 100,65,65 
CLA NDIF 
STO X d ) 
1 = 1 + 1 
CALL NPREC 
X = X»T 
CALL NPCUT 
GC TO 60 
IF (X(2)) 105,120.120 
KK=1 
X(2)=-X(2) 
X(3)=-X(3) 
CLA X d ) 
ALS 18 
STO N 
N = N+1 
GO TO (145,155,195,255).N 
I D ( D = 0 
GO TO 310 
ICd) = l 
CLA X(2) 
LDQ X(3) 
LLS 1 
STO X(2) 
STQ X(3) 
GO TO 310 
CLA X(2) 
ARS 33 
ALS 18 
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S 215 STO IDd) 
S 220 CLA X(2) 
S 225 LDQ X(3) 
S 230 LLS 2 
S 240 STO X(2) 
S 245 STQ X(3) 

250 GO TO 310 
S 255 CLA X(2) 
S 260 ARS 32 
S 270 ALS 18 
S 275 STO I0(1) 
S 280 CLA X(2) 
S 285 LOO X(3) 
S 290 LLS 3 
S 300 STO X(2) 
S 305 STQ X(3) 

310 IF ACCUMULATOR OVERFLOW 
315 DC 455 J=2,21 

S 320 CLA X(2) 
S 325 LCQ X(3) 
S 330 LRS 2 
S 335 STO T(2) 
S 340 LLS 37 
S 341 LRS 2 

342 IF ACCUMULATOR OVERFLOW 
S 345 ADD X(3) 
S 350 STO X(3) 

355 IF ACCUMULATOR OVERFLOW 
S 360 CLA X(2) 
S 365 ADD T(2) 

370 GO TO 390 
S 375 CLA X(2) 
S 380 ADD T(2) 
S 385 ACD Al 
S 390 STO X(2) 

391 IF ACCUMULATOR OVERFLOW 
392 IC(J)=8 
393 GO TO 395 
394 IC(J)=0 

S 395 CLA X(2) 
S 400 ARS 32 
S 410 ALS 18 
S 412 ACD ID(J) 
S 415 STO ID(J) 
S 430 CLA X(2) 
S 435 LCQ X(3) 
S 440 LLS 3 
S 446 STO X(2) 
S 447 STO X(3) 

450 IF ACCUMULATOR OVERFLOW 
455 CONTINUE 
460 IF (ID(l)) 476,465,476 
465 1=1-1 
470 nc 475 J=l,20 
475 IC(J)=IC(J+l) 
476 IF (KK) 480,480,477 
477 IC(1)=-ID(1) 
480 WRITE OUTPUT TAPE 6,485 

315,315 

345,345 

375,360 

392,394 

455,455 

,(ID(J),J=1,20) 
485 FCRMAT 1IHO12,IN.19 11,3H EI4) 
490 RETURN 
495 T(1)=0.0 
500 WRITE OUTPUT TAPE 6,505 
505 FORMAT (1H0E10.2) 
510 CG TO 490 

,T(1) 

,1 
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k. Subroutine SPCON 

(Converts single-precision floating-point numbers to double precision) 

s 
s 
s 
s 
s 
s 
s 
s 

s 
s 

5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 

SUBROUTINE SPCON(IA) 
DIMENSION IA{3» 
IA(2)=0 
IA(3)=0 
CLM 
LC(3 l A d ) 
LLS 0 
STO IA(3) 
LLS 8 
SSP 
STO lA(l) 
ST(3 IA(2) 
1 = 1 
ARS 11 
STO I 
IF (lAd)) 85.90.85 
I A d ) = IAd)-I 
RETURN 
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1. Subroutine D P E X 

(Computes e^ in double precision for double-precision x) 

5 SUBROUTINE CPEX(X,Y) 
10 DIMENSION SPACE(912),CONl(3),BLANK( 1092),X(3),Y(3),TEST(3),TEMP(3) 

I,EF(3),T(3),R(3),Z(3),U(3),FAC(3),E(3) 
15 COMMON SPACE,CONl,BLANK,TEST,TEMP,T,R.Z,U,FAC,EF,E 

S El OCT 000000000000 
S E2 OCT 261344137676 
S E3 DCT 216367465365 
S Fl OCT 000000000013 
S F2 OCT 200000000000 

f F d ) = El 
EF(2)=E2 
EF(3)=E3 

20 IF (X(2)) 25,45,45 
25 K = l 

30 T(2)=-X(2) 
35 T(3)=-X(3) 
40 GO TO 60 
45 T(2)=X(2) 
50 T(3)=X(3) 
55 K=0 
60 T d ) = X(D 
65 CALL NPREC 
66 TEMP = C O M 
70 R=T/EF 
75 CALL NPCUT 
80 CALL NP2SP(R,R) 
85 IQ=R 
90 U=IO 
95 CALL SPCON(U) 
100 CALL NPREC 
105 TEST=U»EF 
110 IF (T-TEST) 115,140,140 
115 U=U-C0N1 
120 TEST=U«EF 
125 CALL NPCUT 
130 1G=IC-1 
135 CALL NPREC 
140 T=T-TEST 
145 CALL NPCUT 
150 ICG=1C/10 
155 IC=IQ-1C0»10 
160 J=2»»IQ 
161 EF(1)=CCN1(1) 
162 EF(2)=C0N1(2) 
163 EF(3)=C0N1(3) 
164 U(1)=F1 
165 U(2)=F2 
166 U(3)=F3 
167 IF (IQQ) 180,180,168 
168 DO 171 1=1,ICG 
169 CALL NPREC 
170 EF=EF»U 
171 CALL NPOUT 
180 Z=J 
185 CALL SPCON(Z) 
190 CALL NPREC 
195 E=Z»EF 
205 Z=C0N1 
210 CALL NPOUT 
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215 00 245 1=1,20 
220 FAC=I 
225 CALL SPCON(FAC) 
230 CALL NPREC 
435 TEMP=TEMP«T 
437 TEMP=TEMP/FAC 
240 Z d ) = Z(l)+TEMPd) 
245 CALL NPCUT 
255 CALL NPREC 
260 Y=E»Z 

CALL NPOUT 
270 IF (K) 286,286.275 
275 CALL NPREC 

Z=C0N1/Y 
Y = Z 

285 CALL NPOUT 
286 RETURN 
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m. Subroutine DPLOG 

(Computes double-precision natural logs for double-precision arguments) 

5 SUBROUTINE CPLDG(A,AL) , , , , , , 
10 DIMENSION A ( 3 ) , C 0 N 1 ( 3 ) , C D N 2 ( 3 ) , X ( 3 ) , Y ( 3 ) , Z ( 3 ) , U ( 3 ) , A L ( 3 ) , V ( 3 ) , W ( 3 ) 

1 , C C 1 3 ) , S P A C E ( 9 0 9 ) , B L A N K ( 1 0 8 9 ) , C O N C ( 3 ) 
15 COMMON SPACE,CONO,CCN1 ,C0N2 ,BLANK,X ,Y ,Z ,U ,V ,W,DC 

S M OCT OOOOOOOOOCOl 
S C DCT 2 6 1 3 4 4 1 3 7 6 7 6 
S 0 OCT 216367465366 

45 T=A(1 ) 
50 A ( 1 ) = 0 . 0 
55 CALL NPREC 
57 Y=A-C0N1 
60 Z=A+C0N1 
62 X=Y/Z 
65 CALL NPCUT 
66 A { 1 ) = T 
7 0 DC 80 1 = 1 . 3 
7 5 Y ( 1 ) = X ( I ) 
80 Z ( I ) = X ( I ) 
81 CALL NPREC 
82 V=X»«2 
83 CALL NPCUT 
85 DO 115 1 = 2 , 1 4 
90 U ( 1 ) = F L 0 A T K I ) 
95 CALL SPCON(U(1) ) 

100 CALL NPREC 
102 Y=Y«V 
103 U=C0N2«U 
104 DC=U-C0N1 
105 'n = Y/DC 
106 Z=Z+W 
115 CALL NPCUT 
120 CALL NPREC 
121 V=CONO 
122 Z=C0N2«Z 
123 CALL NPOUT 
130 X(1)=CONO(1) 
135 X(2)=C 
140 X(3)=D 
145 IF (All)) 150,225,150 
150 N=M 
155 DC 220 1=1,35 

S 160 CLA A(1) 
S 165 ANA N 
S 170 STO R 

175 IF (RI 180,195,180 
180 CALL NPREC 
185 Y(1)=Y(11+X(1) 
190 CALL NPOUT 
195 CALL NPREC 
200 X(l)=C0N2ll)eX(l) 
205 CALL NPOUT 

S 210 CLA N 
S 215 ALS 1 
S 220 STO N 

221 IF ( A I D ) 245,225,225 
225 CALL NPREC 
230 AL(1)=Z(1I+Y( 1) 
235 CALL NPCUT 
240 GO TO 260 
245 CALL NPREC 
250 AL=Z-Y 
255 CALL NPCUT 
260 RETURN 
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2. FORTRAN 63 Statements of the RSSR Routine as Coded for the 
CDC-3600 Computer 

a. Main P r o g r a m 

(Does input and output, and calls RSSR) 

b. Subroutine RSSR 

(Calls subroutines for root squaring, finding moduli of roots and 
rea l roots , finding complex roots , and reconstructing the 
polynomial) 

c. Subroutine ROOTSQ 

(Performs the root squarings) 

d. Subroutine REALROOT 

(Finds moduli of roots and rea l roots) 

e. Subroutine COMPROOT 

(Finds the complex roots) 

f. Subroutine TEST 

(Tests roots for accuracy) 

g. Subroutine SUBRES 

(Computes reduced subresultant polynomial or, if n = 4, the 
subresultant polynomial) 

h. Subroutine RECON 

(Reconstructs the polynomial from the roots and the first 
coefficient) 

i. Subroutine QUADIV 

(Divides out quadratic factors) 

j . Subroutine DOUBLOG 

(Computes double-precision log for numbers of the form 
X t imes 641''̂ ) 

k. Subroutine DOUBLEXP 

(Computes in double precis ion e*, where t = :K(64^^)) 
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1. Subroutine ADD 

(Adds numbers of the form x(64l'^) and y(64ly), where x and y are 
in double precision) 

m. Subroutine SUBTRACT 

(Subtracts numbers of the form x(64lx) and y(64ly), where x and 
y are in double precision) 

n. Subroutine SCALE 

(Scales double-precision numbers of the form x t imes 641^^ so 
that l /64 s llxjl £ 64 (x / 0) 

o. Subroutine UNSCALE _ 

(Unscales numbers of the form x(64lx) to the form X(64lx) such 
that S = 0) 
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a. Main P rog ram 

(Does input and output, and calls RSSR) 

PROGRAM RSSRMAIN 

DIMENSION A ( 5 1 , 3 ) , I A ( 5 1 . 3 ) . R O O T S ( 2 , 5 0 ) , T I T L E ( 1 0 ) , D ( 5 1 ) 
TYPE DOUBLE A,ROOTS,D 
TYPE INTEGER DEGREE 

1 READ (60,2) TITLE 
2 FCRMAT dOA8) 

IF (EOF,60) 3,4 
3 CALL EXIT 
4 WRITE (61,5) TITLE 
5 FORMAT (IHl.lOAB) 

READ (60.6) DEGREE,M,MMAX.DELTA.EPSILON 
6 FORMAT (3I6,2E12.4) 

IF (M) 7,7,8 
7 M = 10 

MMAX=15 
DELTA=0.0001 
EPSILON=0.000001 

8 WRITE (61.9) DEGREE,M.MMAX,DELTA,EPSILON 
9 FORMAT (8H0DEGREE=13,17H NO. OF ROOT SQ=I3,7H MMAX=I3,/ 
17H OELTA=E12.3,10H EPSIL0N=E12.3) 
N1=DEGREE+1 
READ (60,6) IPI,IPO 
WRITE (61,10) 

10 FORMAT (19H0INPUT COEFFICIENTS) 
IF (IPI-1) 11.11.15 

11 00 14 1=1,Nl 
READ (60,12) X 

12 FORMAT (E18.10) 
Ad,l)=X 
IA(I,1)=0 
J=I-1 
WRITE (61.13) J.X 

13 FORMAT (3H0A(I2,3H)= E18.10) 
CALL SCALE (A(I.1).IAd.1)) 

14 CONTINUE 
GO TO 19 

15 DO 18 1=1.Nl 
J=I-1 
READ (60,16) A(I,1) 

16 FORMAT (036.25) 
WRITE (61,17) J.Ad.l) 

17 FORMAT (3H0A( I2,3H)= 033.25) 
IA(I,1)=0 
CALL SCALE ( A d , l ) , 1A( 1,1)) 

18 CONTINUE 

CALL RSSR (A.IA,ROOTS,DEGREE,M.MMAX,DELTA.EPSILON,D) 

IF (IPO-l) 20,20.31 
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20 IF (N1-(DEGREF + D ) 29,29,21 
21 WRITE (61,22) 
22 FCRMAT (24H0ROOIS OF THE POLYNOMIAL) 

WRITE (61,23) 
23 FCRMAT (33H0REAL PART IMAGINARY PART) 

K=DEGREE+1 
DC 25 1=K,N2 
X = R00TS(1,1 ) 
Y = RC0TS(2,I ) 
WRITE (61,24) X,Y 

24 FCRMAT (1H0E18.10,E20.10) 
25 CONTINUE 

IF (DEGREE) 26,26,29 
26 WRITE (61,27) 
27 FORMAT (25H0RECONSTRUCTED POLYNOMIAL) 

DC 28 1=1,Nl 
X=D(I) 
J=l-1 
WRITE (61,13) J,X 

28 CONTINUE 
CC TO 1 

29 WRITE (61,30) 
30 FORMAT (21H0S0ME ROOTS NOT FOUND) 

GC TO 1 
31 IF (N1-(DEGREE+D ) 29,29,32 
32 WRITE (61,33) 
33 FORMAT (62H0 REAL PART IMAGINA 

IRY PART) 
K=DEGREE+1 
DO 35 I=K,N2 
WRITE (61,34) R00TS(1,1),R00TS(2,1) 

34 FORMAT (1H0D33.25,035.25) 
35 CONTINUE 

IF (DEGREE) 36,36,29 
36 WRITE (61,27) 

DC 37 1=1,Nl 
J = I-1 
WRITE (61,17) J,D(1) 

37 CONTINUE 
GC TO 1 
END 
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b. Subroutine RSSR 

(Calls subroutines for rootsquaring, finding moduli of roots and real 
roots , finding complex roots, and reconstructing the polynomial) 

SUBROUTINE RSSR ( A , I A.ROOTS.DEGREE,M,MMAX,DELTA,EPSILON,D) 

DIMENSION A ( 5 1 , 3 ) , 1 A ( 5 1 , 3 ) , R O O T S ( 2 , 5 0 ) . D ( 5 1 ) , R O M O O ( 5 0 ) ,MROM.aD(50) , 
1NCNRT(50),MNONRT(50) 

TYPE DOUBLE A,ROOTS,0,ROKOD 
TYPE INTEGER DEGREE 
N=DEGREF 
IF (N) 1 , 1 , 3 

1 DEGREE=NCUR 
2 RETURN 
3 N1=N+1 

N2=N1+1 
CG 5 1=1,N 
K=N2-I 
IF (A(K.l)) 6,4,6 

4 J=N1-I 
R0OTSd,J)=0.0 
RCOTS(2.J)=0,0 

5 CONTINUE 
DEGREE=0 
GO TO 2 

6 N1 = K 
N=K-1 
NCUR=N 
NL = N 

7 CALL ROOTSQ (A.IA.NCUR.M) 
CALL REALROCT (A,I A,M,NCUR,DELTA,EPSILON,ROMOD,MROMOD, 
1NONRT,MNONRT,NCO,ROOTS) 
IF (NCO) 12,12.8 

8 N1=NCUR+1 
CALL COMPROOT (A.IA.ROMOD.ROOTS,M,MNONRT,NONRT, 
IMROMOD,NCO,DELI A,EPSILON,NCUR) 
IF (NCUR) 12,12,9 

9 IF (NL-NCUR) 11,11,10 
10 NL=NCUR 

GO TO 7 
11 M=Mtl 

IF (MI^AX-M) 1,7,7 
12 CALL RECON ( ROOTS. A d . 1). lAd . 1), C, DEGREE ) 

GO TO 1 
END 
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c. Subroutine ROOTSQ 

(Performs the root squarings) 

SUBROUTINE ROOTSQ (A,IA,NCUR,MM) 

DIMENSION A(51,3),IA(51,3) 
TYPE DOUBLE A,X 
N1=NCUR+1 
DC 1 J=1,N1 
A(J,2)=A(J,l) 
1A(J,2)=1A{J,ll 
A(J,3)=0.0 
1A(J,3)=0 

1 CCNTINUE 
DO 9 M=1,MM 
DO 6 J=1,N1 
K1=N1-J 
K2=J-1 
KM=XMIN0F(K1,K2) 
DC 4 L=1,KM 
LR=XMCDF(L,2) 
JL=J-L 
JLP=J+L 
IF (LR) 2,2,3 

2 X=A(JL,2)»A(JLP,2) 
1X=1A(JL,21+IA(JLP,2) 
CALL SCALE (X,1X) 
CALL ADO (A(J,3),IA( J,3),X,1X,A(J,3),IA(J,3)) 
GC TO 4 

3 X=A(JL,2)»A(JLP,2) 
IX=1A(JL,2)+IA(JLP,2) 
CALL SCALE (X,IX) 
CALL SUBTRACT (A(J,3) ,I A(J,3) ,X,1X,A(J,3) ,1 A(J,3) ) 

4 CONTINUE 
A(J,3)=2.0»A(J,3) 
CALL SCALE (A(J,3),IA(J,3)) 
X=A(J,2)«»2 
1X=1A(J,2)+1A1J,2) 
CALL SCALE (X,IX) 
CALL ADD 1A(J,3),1A(J,3),X,IX,A(J,3) ,IA(J,3) ) 
JR=XMODF (J,2) 
IF (JR) 5,5,6 

5 A(J,3)=-A(J,3) 
6 CCNTINUE 

IF (MM-M) 9,9,7 
7 CO 8 J=1,N1 

A(J,2)=AIJ,3) 
1A(J,2)=1A(J,3) 
A(J,3)=0.0 
IA(J,3)=0 

8 CCNTINUE 
9 CCNTINUE 

RETURN 
END 
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d. Subroutine R E A L R O O T 

(Finds moduli of roots and real roots) 

SUBROUTINE REALROOT (A.IA,M,NCUR,DELTA,EPS ILON,ROMOD.MROMOD, 
INONRT,MNONRT.NCO,ROOTS) 

DIMENSION A(51.3).IA(51.3).ROOTS(2,50).ROMOD(50),MROMOD(50), 
INONRT(50),MNONRT(50).RAT UK 51).IP IV(51).ARED(50),IARED(50) 
TYPE DOUBLE A.ROOTS,ROMOD.T.XN.W,ARED,Y,Q 
RATIOd) = 1.0 
DO 4 1=2.NCUR 
I1=XM0DF(1.2) 
IF (A(1,3)) 2,1,2 

1 RATIO(I)=0.0 
GO TO 4 

2 T=AII,2)»A(1,2) 
IT = IA( I,2) + IAd,2) 
CALL SCALE (T.IT) 
T=T/A(1.3) 
IT=IT-IA(1.3) 
IF (IT-2) 50.50,1 

50 IF (IT+2) 1,51.51 
51 CALL UNSCALE (T.IT) 

RATIO!1)=T 
IF ( I D 3.3.4 

3 RAT10(I)=-RATIO(I) 
4 CONTINUE 

RATIO(NCUR+1)=1.0 
IPIV(D=1 
IPIV(NCUR+1)=1 
DO 7 1=2.NCUR 
X = ABSF(RATIO( I)-1.0) 
IF (X-DELTA) 5.5.6 

5 IPIV1I)=1 
GO TO 7 

6 IPIV(1)=0 
7 CONTINUE 

NCUR1=NCUR+1 
11 = 0 
MULT=0 
1 = 1 
14 = 1 

8 11=11+1 
12=11+1 
MULT=MULT+1 
IF (IPIV(12)) 8.8.9 

9 RCMOD(I4)=A(I2.3)/A(I,3) 
IROMOD=IA(I2.3)-IA( 1,3) 
CALL SCALE ( ROM0Dd4) . IROMOD ) 
IF (R0MCD(I4)) 10.11,11 

10 R0MOO( I4)=-RQM0Dd4) 



56 

11 CALL COUBLOC (R0MDD(14),IROMOD,XN.IXN) 
T=2.0*«M»I1 
XN=XN/T 
CALL SCALE (XN,1XN) 
CALL DOUBLEXP (XN,IXN,ROMOD(14),IROMOD) 
IF (IR0M0D-15G) 100,100,101 

100 IF (IROMOC+ISO) 101,101,102 
101 ROMOD(I4)=0.0 

1ROMOD=0 
GO TO 103 

10^ CALL UNSCALE (ROMOD(14),IROMOD) 
103 MROMODlI4)=MULT 

IF lNCUR+1-12) 13,13,12 
12 1=12 

14=14+1 
MULT=0 
11 = 0 
GC TO 8 

13 C=0.0 
NCO=0 
DO 22 1 = 1, 14 
KL=14+1-I 
W=-ROMOC(KL) 
15=MR0M0D(KL) 
DC 20 J = l, 15 
J = J 

14 CALL TEST (A, IA,W,0,NCUR.R0M0D(KL),EPSILON,K) 
IF (K) 17,17,15 

15 R0OTS(l,NCUR)=-w 
ROOTS(2,NCUR)=0.0 
ARECd)=A(l,l) 
IARED(l)=IAd,l) 
CO 16 L=2,NCUR 
Y = ARED(L-D«W 
1Y=IARED(L-1) 
CALL SCALE (Y,1Y) 
CALL SUBTRACT (A(L,1),I A(L,1) ,Y,IY,ARED(L),IARED(L)) 
A(L,1)=ARED(L) 
IA(L,1)=IARED(L) 

16 CONTINUE 
GO TO 19 

17 IF (W) 18,21,21 
18 W=-W 

GC TO 14 
19 NCUR=NCUR-1 
20 CONTINUE 

GC TO 22 
21 NCO=NCO+1 

N0NRT(NCO)=KL 
MN0NRT(NC0)=I5+1-J 

22 CONTINUE 
RETURN 
END 





57 

e Subroutine COMPROOT 

(Finds the complex roots) 

SUBROUTINE COMPROOT ( A , I A . R O M O D , R O O T S , M . M N O N R T , N O N R T . 

IMROMOD,NCO,DELTA,EPS ILON,NCUR) 

DIMENSION M51,3),IA(51,3),R0M00(50).RO0TS(2.50).SR(51,3),I^^ 
1),SROMOD(50),SROOTS(2,50),MNONRT(50).NONRT(50 ,MSR0M0D150), 
2NS0NRT(49),MSN0RT(49),MR0M0D(50),D(2).R(2).B(49) 

TYPE DOUBLE A,ROMOD.ROOTS.SR,SROHOD.SROOTS.X,Y,T,W,W. 

1WE,U,D.R,B,DCNEX 
DO 23 1=1,NCO 
JA=NONRT(I) 
I1=MN0NRT(I) 
11=11/2 
IF ( I D 1,1.2 

1 I 1 = 1 
2 IF (ROMOD(JA)) 3.23,3 
3 Q=ROMDD(JA) 

00 22 J = l,d 
300 CALL SUBRES (A,I A,NCUR,SR,ISR.0) 

IF (NCUR-4) 4.100,5 
100 NSCUR=2 

GO TO 101 
4 NSCUR=1 

J2=l 
GO TO 6 

5 NSCUR=NCUR-3 
101 J2=NSCUR 

6 LL=NSCUR+1 
IF (NSCUR-D 7,7,9 

7 IF (SR( 1,1)) 8,10,8 
8 X=SR(1,1) i IX=ISR(1,1) 

Y=SR(2,1) t IY=1SR(2,1) 
CALL UNSCALE (X,IX) 
CALL UNSCALE (Y,lY) 
SROOTSd,D=-Y/X 
NSCUR=0 
GO TO 11 

9 CALL ROOTSQ (SR,1SR,NSCUR,M) 
CALL REALROOT (SR,ISR,M,NSCUR,DELTA,EPSILON,SROMOD,MSROMOD, 
1NSONRT,MSNDRT,NSCO,SROOTS) 
IF (J2-NSCUR) 10,10,11 

10 SROOTSI1,J2)=0.0 
11 SROOTS(l,J2)=SROOTS(l,J2)»ROMOD(JA) 

T=ROMOD(JA)+ROMOD(JA) 
IF (SR00TSd,J2)-T) 12,16,16 

12 W=SROOTS(1,J2) 
WE=ROMOD(JA)»RUMOD( JA) 
CALL TEST (A, IA,W,WE,NCUR,ROMOD(JA).EPSILON.K) 
IF (K) 15.15,13 
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13 RCDTS(l,NCUR)=-W/2.0 
T=4.0«WE 
U = W«W 
T = T-U 
U=DSQRT(T) 
RC0TS(2,NCUR)=U/2.0 
ROOTS d, NCUR-1)=RC0TS(1, NCUR) 
R00TS(2.NCUR-1)=-R00TS(2,NCUR) 
D(1)=W 
D(2)=WE 
CALL OUADIV (NCUR.A,IA,R,D,B) 
JX=NCUR-1 
DC 14 JY=1,JX 
A(JY,1)=B(JY) 
IA( JY,D=0 
CALL SCALE (A(JY,1),1 A(JY,1)) 

14 CCNTINUE 
NCUR=NCUR-2 
GC TO 22 

15 W=-W 
CALL TEST (A,IA,W,WE,NCUR,ROMOD(JA),EPSILON,K) 
IF (K) 16,16,13 

16 IF (J2-(NSCUR+1)) 23,17,19 
17 IF (J2-1) 23,23,18 
18 J2=J2-1 

SROOTS(1,J2)=0.0 
GC TO 12 

19 IF (SROOTSd, J2)-SR00TS(1,J2-1) ) 20,21,20 
20 J2=J2^1 

GO TO 11 
21 J2=J2-1 

GO TO 16 
22 CCNTINUE 
23 CCNTINUE 

RETURN 
END 
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f. Subroutine TEST 

(Tests roots for accuracy) 

SUBROUTINE TEST (A.lA.W.Q.N.ROMOD,EPSILON.K) 

DIMENSION A(51.3).IA(51.3).BI3).IB(3),T(2),E(2).C(5D 
TYPE DOUBLE A.B.W.X.Y.Z.CEPSIL.E,C.DIF.C.ROHOD 
Bd)=0.0$IX=OJIW=0 
IBd)=0 
B(2)=Ad.D 
IB(2) = IAd.l) 
00 2 1=1.N 
X=W»B(2) 
IX=IB(2) 
CALL SCALE (X.IX) 
Y = Q»B(D 
IY=IBd) 
CALL SCALE (Y.IY) 
CALL ADD (X.IX.Y.IY.Z.IZ) 
CALL SUBTRACT { Ad + l, D , I Ad+ 1.1) ,Z , IZ.B( 3 ) , IB ( 3) ) 
IF (N-D 2,2,1 

1 B(1)=B(2) 
1B(1)=IB(2) 
B(2)=B(3) 
IB(2)=IB(3) 

2 CONTINUE 
3 K0UNT=1 
CEPSIL=EPSILON 
Td)=0.0iT(2)=0.0 
N1=N+1 
X=2.0»EPSIL0N 
Y=X»ROMOD 
E(1)=ROMOD+Y 
E(2)=R0M0D+CEPSIL»R0M0D 
00 7 1=1.Nl 
IF (A( l.D) 4,5,5 

4 C( I)=-Ad,l)$IC=IA( 1,1) 
GC TO 6 

5 C(I) = A(I,l)$IC=IAd,l) 
6 CALL UNSCALE (Cd). IC) 
T(l)=T(l)»Ed)+Cd) 
T(2)=T(2)«E(2)+C(I) 

7 CONTINUE 
DIF=T(1)-T(2) 

8 IF (Q) 18,9.18 
9 IF (B(3)) 10,11,11 
10 B(3)=-B(3) 
11 IF dB(3)-150) 100.100.12 

100 IF (IB(3)+150) 12,101,101 
101 CALL UNSCALE (B(3).IB(3)) 

IF (DIF-B(3)) 12.12.17 
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12 K = 0 
IF (KOUNT-2) 13,16,16 

13 IF IQ) 15,14,15 
14 IF (W) 15,16,16 
15 SENSE LIGHT 2 

KOUNT=KOUNT+1 
16 RETURN 
17 K = l 

GC TO 16 
18 IF (IB(2)-150) 102,102,12 

102 IF (1B(2)+150) 12,103,103 
103 CALL UNSCALE (B(2),IB(2)) 

IF (1B(3)-150) 104,104,12 
104 IF (IB(3)+150) 12,105,105 
105 CALL UNSCALE (B(3),1H(3)) 

X=Q»B(2)»B(2) 
Y=W«B(2)«B(3) 
Z=B(3)«B(3) 
Y=X-Y+Z 
IF (Y) 19,17,20 

19 Y=-Y 
20 DIF=D1F»D1F 

IF (OIF-Y) 12,17,17 
END 
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g. Subrou t ine SUBRES 

( C o m p u t e s r e d u c e d s u b r e s u l t a n t po lynomia l o r , 
if n = 4, the s u b r e s u l t a n t po lynomia l ) 

SUBROUTINE SUBRES (A, lA.N.SR.ISR,ROMOD) 

DIMENSION A ( 5 1 , 3 ) . I A ( 5 1 . 3 ) . S R ( 5 1 . 3 ) . I S R ( 5 1 . 3 ) , C ( 5 1 ) . B ( 5 0 . 3 ) 
TYPE DOUBLE A.SR.ROMOO,X.T.C.U.B 
N1=N+1 
T = 1 .0 
DO 1 I = 1 , N 
J = N 1 - I 
T=T»ROMOO 
CIJ)=A( J . D # T 
I C = I A ( J . l ) 
CALL UNSCALE ( C ( J ) , I C ) 

1 CONTINUE 
C ( N 1 ) = A ( N 1 , 1 ) 
IC = I A ( N 1 , D 
CALL UNSCALE (C(ND,IC) 
IF {N-2) 12.12.2 

2 N2=N-2 
DO 3 1=1,N2 
Bd,l)=0.0 
B( I,2)=0.0 

3 CONTINUE 
1 = 2 
Bd,2)=Cd) 

4 Bd.3)=C( I)-B(1,D 
DC 5 J=2,N2 
B(J.3)=-B(J-1.2)-B(J.l) 

5 CONTINUE 
IF (N-(3+D) 100,6,6 

6 1=1+1 
DO 7 J=1,N2 
B(J.1)=B(J.2) 
B(J,2)=B(J.3) 

7 CONTINUE 
GO TO 4 

100 IF (N-4) 8.101,8 
101 IF (N-(2 + D ) 104,102,102 
102 1=1+1 

DO 103 J=1.2 
B( J.D = B( J.2) 
B(J,2)=B(J,3) 

103 CONTINUE 
CO TO 4 

104 B(3,3)=-B(2,2) 
SR(3,1)=-C(5)+B(1,3) $ ISR(3,D=0 
SR(2,1)=B(2,3) $ ISR(2,1)=0 
SRd,l)=B(3,3) i ISR(1,D=0 
CALL SCALE ( S R d , 1 ) , ISRd, 1) ) 
CALL SCALE (SR(2,1).ISR(2.D) 
CALL SCALE (SRI 3.1).ISR(3.1)) 
GO TO 11 
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10 
11 
12 

SR(N2.1)=C(N)-B(1,3) t ISR(N2,1)=0 
SR(N2-1,1)=-C(N1)-B(2,3) $ 1SR(N2-1,D=0 
CALL SCALE (SR(N2,1),ISR(N2,1) ) 
CALL SCALE (SR(N2-1,1),ISR(N2-1,1)) 
IF (N2-2) 11,11,9 
DO 10 J=3,N2 
K=N2+1-J 
SR(K,1)=-B(J,3) $ ISR(K.1)=0 
CALL SCALE (SR(K,1),1SR(K,1) ) 
CCNTINUE 
RETURN 
SR(l,l)=Cd) i ISR( 1,1)=0 
SR(2,1)=-C(2) i 1SR(2,1)=0 
CALL SCALE (SRd,1), ISRd,1) ) 
CALL SCALE (SR(2,D ,1SR(2,D ) 
GO TO 11 
END 
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h. Subroutine RECON 

(Reconstructs the polynomial from the roots and the first coefficient) 

SUBROUTINE RECON (ROOTS,A, IA.D.N) 

DIMENSION ROOTS(2.50).D(51) 
TYPE DOUBLE ROOTS.A,D,X,T.U 
X=AtIX=IA 
CALL UNSCALE (X.IX) 
DO 1 I=1,N 
D(D=0.0 

1 CONTINUE 
U(N+1)=1.0 
1 = 1 
NL=N-1 

2 IF (R00TS(2,D) 3,7,3 
3 T = R00TS(1.I)»R00TS(1. D 

U = R00TS(2.D»R0UTS(2,I) 
T = T + U 
U=2.0»R0OTS(l.D 
DC 5 J=1,NL 
IF (I+J-N) 5,4,4 

4 D(J)=D(J + 2) + T«D( J) 
D(J)=D(J)-U»D(J+1) 

5 CONTINUE 
D(N)=T»C(N) 
0(N)=D(N)-U»D(N+1) 
D(N+l)=r»D(N+l) 
1 = 1+2 

6 IF (N-I) 10,2,2 
7 DO 9 J=1,N 

IF (J+I-N) 9,9,8 
8 0(J)=D( J + D-0(J)»R00TS(1, D 
9 CONTINUE 

D(N + l)=-D(N + l)»ROOTSd.I) 
1 = 1 + 1 
GC TO 6 

10 NS=N+1 
DO 11 11=1,NS 
D( II) = D ( I D » X 

11 CONTINUE 
RETURN 
END 
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i . S u b r o u t i n e Q U A D I V 

( D i v i d e s o u t q u a d r a t i c f a c t o r s ) 

SUBROUTINE CUADIV ( N , A , I A , R , D , B ) 

DIMENSICN A ! 5 1 , 3 ) , 1 A ( 5 1 , 3 ) , R ( 2 ) , D ( 2 ) , B ( 4 9 ) 
TYPE DOUBLE A , R . D , B , X N , Y N . A A 
B d ) = A ( 1 , 1 ) t l B = I A d , l ) 
CALL UNSCALE ( B ( l ) , I B ) 
I F ( N - 2 ) 4 , 4 , 1 

1 A A = A ( 2 , 1 ) $ I A A = I A 1 2 , 1 ) 
CALL UNSCALE ( A A , l A A ) 
B ( 2 ) = A A - B ( 1 ) » D ( D 
IF ( N - 3 ) 4 , 4 , 2 

2 N T = N - 1 
0 0 3 1 = 3 . N T 
X N = B ( 1 - 1 ) « D ( 1 ) 
Y N = B ( I - 2 ) « C ( 2 ) 
A A = A 1 1 , 1 ) $ 1 A A = I A ( 1 , 1 ) 
CALL UNSCALE (AA,lAA) 
B(I)=AA-(XN+YN) 

3 CCNTINUE 
4 XN = BlN-l)»Dd ) 

YN=6(N-2)»D(2) 
AA=A(N,l)IIAA=IA(N,l) 
CALL UNSCALE (AA,IAA) 
R(1)=AA-(XN+YN) 
AA = A(N + 1,D$1AA=IA(N+1,1) 
CALL UNSCALE (AA,lAA) 
R12)=AA-e(N-D«D(2) 
RETURN 
END 
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j . Subroutine DOUBLOG 

(Computes double-precision log for numbers of the form x t imes b4^^) 

SUBROUTINE DOUBLOG ( X , I X , Y , I Y ) 

TYPE DOUBLE X ,Y ,T 
T=64 .0 
IF ( X ) l , 5 . 3 

1 WRITE ( 6 1 , 2 ) 
2 FCRMAT (46H0THE LOG OF A NON-POSITIVE NUMBER IS REQUESTED) 
5 Y=0.0 

IY = 0 
GO TO 4 

3 Y=DLOG(X)+IX»DLOG(T) 
IY = 0 
CALL SCALE { Y , I Y ) 

4 RETURN 
END 
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k. Subroutine D O U B L E X P 

(Computes in double precision, e*̂, where t = x(64 ^)) 

SUBROUTINE DOUBLEXP (X,1X,Z,IZ) 

TYPE DOUBLE X,Y,Z 
Z=DEXP(X)$1Z=0 
IF dX) 1,8,6 

1 I=-IXSI1=6»1 
DC 4 J=l, II 
K=XMODF(17,2) 
IF (K) 2,3,2 

2 1Z=IZ-1 
Z=64.0»Z 

3 IZ=IZ/2 
Z=DSQRT(Z) 
CALL SCALE (Z,IZ) 

4 CONTINUE 
5 RETURN 
6 I=6»IX 
DO 7 J = l, 1 
Z=Z«ZSIZ=IZ+IZ 
CALL SCALE (Z,IZ) 

7 CONTINUE 
GO TO 5 

a CALL SCALE (Z.IZ) 
GO TO 5 
END 
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I. Subroutine ADD 

(Adds numbers of the form x(64'-^) and y(64ly), 
where x and y are in double precision) 

SUBROUTINE ADC ( X , I X . Y . 1 Y , Z . I Z ) 

TYPE DOUBLE X . Y . Z . A . B 
IF (X) 3 . 1 . 3 

1 Z = Y 
I Z = I Y 

2 RETURN 
3 IF (Y) 5 , 4 , 5 
4 Z = X 

IZ = IX 
GO TO 2 

5 I C I F F = I X - I Y 
IF ( I D I F F ) 6 . 7 . 7 

6 IA=IY 
A = Y 
B = X 
I C I F F = - I D I F F 
GC TO 8 

7 1A=IX 
A = X 
B = Y 

a IF d 6 - I D I F F ) 9 , 9 , 1 0 
9 Z = A 

IZ = IA 
GC TO 2 

10 00 11 I = 1 . I C I F F 
B = B / 6 4 . 0 

11 CONTINUE 
Z = A + B 
IZ= IA 
CALL SCALE ( Z . I Z ) 
GO TO 2 
END 



m. Subroutine SUBTRACT 

(Subtracts numbers of the form x(64lx) and y(64^y) 
where x and y are in double precision) 

SUBROUTINE SUBTRACT ( X , I X , Y , I Y , Z , I Z ) 

TYPE DOUBLE X , Y , Z , W 
W = -Y 
CALL ADD ( X , I X , W , 1 Y , Z , I Z ) 
RETURN 
END 
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n. Subroutine SCALE 

(Scales double-precision numbers of the form x t imes 64lx so that 
l /64 £ l | x | l < 64 ( x / 0)) 

SUBROUTINE SCALE ( X . I X ) 

TYPE DOUBLE X,Y 
REC64=1 .0 /64 .0 
IF (X) 1 , 1 1 . 2 

1 Y = -X 
CO TO 3 

2 Y = X 
3 IF (64.0-Y) 4,5.5 
4 Y=Y/64.0 

IX=IX+1 
GO TO 3 

5 IF (Y-REC54) 6,7,7 
6 Y=Y»64,0 

IX=IX-1 
GO TO 5 

7 IF (X) 8,9,9 
8 X = -Y 

GC TO 10 
9 X=Y 

10 RETURN 
11 IX=0 

GO TO 10 
END 
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o. Subrou t ine UNSCALE 

( U n s c a l e s n u m b e r s of the f o r m x(64-'-'') to the 
f o r m X(64lx) such that 1 ^ = 0 ) 

SUBROUTINE UNSCALE ( X . I X ) 

TYPE DOUBLE X 
IF ( I X + I 7 0 ) 3 , 4 , 4 

3 X = 0 . 0 
1X = 0 
GC TO 2 

4 IF ( I X - 1 7 0 ) 5 , 5 , 6 
6 X = l . E + 3 0 7 

1X = 0 
WRITE ( 6 1 , 7 ) 

7 FORMAT ( » O E X P . OVERFLOW I N UNSCALE « ) 
GO TO 2 

5 I F ( I X ) 1 , 2 , 1 
1 X = X » 6 4 . 0 » » 1 X 

1X = 0 
2 RETURN 

END 
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APPENDIX C 

Operating Instructions 

1. Operating Instructions for IBM-704 

a. Input Information 

The following cards are required. 

1) Title card. Format (72H). 
Column 1 should be a " 1 " to res tore the printer . The 
remainder of the card through column 72 contains the title 
which will head the output. 

2) The second card is t ranscr ibed either in standard form or in 
special form. The standard form should normally prove sat
isfactory, although occasionally the resul ts may be insuffi
ciently accurate for some polynomials or unnecessarily 
prec ise for others . 

(a) Standard Form 
NDEGRE. Format (l6) 
NDEGRE is the degree of the polynomial. If NDEGRE 

is £0 the program returns control to the monitor. 
Standard settings are given to other program 

pa rame te r s . (See b below.) 

(b) Special Form 
NDEGRE, M, MMAX, DELTA, EPSIL. Format (316, 2E12.6) 
NDEGRE is the degree of the polynomial. 
M is the minimum number of root squarings to be per

formed. The standard setting is M = 10. 
MMAX is the maximum number of root squarings allowed. 

The standard setting is MMAX = 15. 
DELTA is the pivotal bound. The standard setting is lO"'*. 
EPSIL is the tolerable relative e r ro r in the modulus of a 

root. The standard setting is 10 . 

For low-degree polynomials (up to 6), the user can decrease 
M and MMAX from the standard settings while using the stan
dard settings for DELTA and EPSIL. For difficult polynomials, 
the user should increase M and MMAX and decrease EPSIL 
and DELTA from their standard settings. 

3) IPI, IPO. Format (216). 
-* double-precision coefficient input. fz -* doi 

Î I ^ sir ^ ' ingle-precis ion coefficient input. 



f 2 ^ doL 
1 1 -* s in 

_ o u b l e - p r e c i s i o n output . 
' ' s i n g l e - p r e c i s i o n output . 

4) NDEGRE + 1 c a r d s con ta in ing the coe f f i c i en t s a r e r e q u i r e d . 
If the p o l y n o m i a l i s 

NDEGRE 
P(x) = Y aixNDEGRE-i^ 

then the j * - " c a r d m u s t con t a in a j_i . 
If IPI = 1, the coeff ic ient i s r e a d wi th f o r m a t (E12 .6 ) . 
If IPI = 2, the coeff ic ient i s r e a d wi th f o r m a t (616) and i s 
t r a n s c r i b e d a s fo l lows: 

Le t a j . j = bib2b3b4...bi6bi7bi8bi9b20 X lo'^, 

w h e r e 0 r= bi < 9, i . e . , a r e p r e s e n t a t i o n wi th up to 20 s ign i f i 
cant d ig i t s a p p e a r i n g to the left of the d e c i m a l po in t and none 
to the r igh t . Then the s ix r i g h t - a d j u s t e d i n t e g e r s e n t e r e d on 
the j ' " c a r d a r e , r e s p e c t i v e l y : 

bib2b3b4, b5b6b7b8, b9biobiibi2, bj3bi4bi5bi6, bi7bi8bi9b2o. k. 

If the coeff ic ient i s n e g a t i v e , nega t i ve s i gns p r e f i x e a c h of the 
f i r s t five e n t r i e s ; k i s nega t ive if the coef f ic ien t i s not an 
i n t e g e r . 

F u r t h e r s e t s of da ta inc lud ing t i t le c a r d s m a y follow and 
c o n s e c u t i v e c a s e s run . 

P o s s i b l e Output 

F o r each polynoimial equa t ion so lved , the fol lowing i s p r i n t e d : 

1. The t i t l e . 

2. NDEGRE, M, D E L T A , E P S I L ( E P S I L is d e s i g n a t e d E P S I L O N ) . 

3. The input coef f ic ien t s of def ined (via IPI) p r e c i s i o n . 

4. The r o o t s of the p o l y n o m i a l with spec i f i ed (via IPO) p r e c i s i o n . 

5. The coef f ic ien ts of the p o l y n o m i a l a s r e c o n s t r u c t e d f r o m the 
r o o t s and l ead ing coef f ic ien t . 

Add i t iona l I n f o r m a t i o n 

If any r o o t s cannot be found, an a p p r o p r i a t e m e s s a g e i s p r i n t e d , 
and r e c o n s t r u c t i o n of the coe f f i c i en t s i s not a t t e m p t e d . 
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2. Operating Instructions for CDC-3600 

The following set of cards must be presented in order for each 
polynomial to be solved. 

a. Title card. Format (10A8). 

All 80 columns may be used. 

b. DEGREE, M, MMAX, DELTA, EPSILON. Format (316, 2EI2.4). 

If M = 0, the standard setting is made for M, MMAX, DELTA 
and EPSILON. 
DEGREE = degree of the polynomial. 
M = number of root squarings desired. 
MMAX = maximum number of root squarings allowed. 
DELTA = the pivotal coefficient bound. 
EPSILON = the acceptance tolerance allowed on roots. 

The general user is advised to use the standard setting; hence, 
only DEGREE will occur on this card. 

c. IPI, IPO. Format (2l6). 

-* double-precision coefficient input. 
' " s ingle-precision coefficient input 

_ , _ -• double-precision output. 
' ' s ingle-precis ion output. 

=0: 
-{-

(in any case , internal computations are done in double precision.) 

Aj. F o r m a t / E 18.19 if IPI = H 
\p 36.25 if IPI = 2J 

These a r e the coefficients of the polynomial 

Z Aix^-i 

1 = 0 
and a re given one to a card beginning with AQ, on through An. 
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